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Abstract 

We introduce and study the notions of hyperbolically embedded and very rotating fam- 
ilies of subgroups. The former notion can be thought of as a generalization of peripheral 
structures of relative hyperbolicity groups, while the later one provides a natural framework 
for developing a geometric version of small cancellation theory. Examples of such families 
naturally occur in groups acting on hyperbolic spaces including hyperbolic and relatively 
hyperbolic groups, mapping class groups, Out{Fn), and the Cremona group. Other ex- 
amples can be found among groups acting geometrically on CAT{Q) spaces, fundamental 
groups of graphs of groups, etc. Although our technique applies to a wide class of groups, 
it is capable of producing new results even for well-studied particular classes. For instance, 
we solve two open problems about mapping class groups, and obtain some results which 
are new even for relatively hyperbolic groups. 
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1 Introduction 



The notion of a hyperbolic space was introduced by Gromov in his seminal paper |62j and since 
then hyperbolic geometry has proved itself to be one of the most efficient tools in geometric 
group theory. Gromov's philosophy suggests that groups acting "nicely" on hyperbolic spaces 
have properties similar to those of free groups or fundamental groups of closed hyperbolic 
manifolds. Of course not all actions, even free ones, are equally good for implementing this idea. 
Indeed every group G acts freely on the complete graph with |G| vertices, which is a hyperbolic 
space, so to derive meaningful results one needs to impose some properness conditions on the 
action. 

Groups acting on hyperbolic spaces geometrically (i.e., properly and cocompactly) consti- 
tute the class of hyperbolic groups. More generally, one can replace properness with its relative 
analogue modulo a fixed collection of subgroups, which leads to the notion of a relatively hy- 
perbolic group. These classes turned out to be wide enough to encompass many examples of 
interest, while being restrictive enough to allow building an interesting theory, main directions 
of which were outlined by Gromov [62 1. 

On the other hand, there are many examples of natural actions of non-relatively hyperbolic 
groups on hyperbolic spaces: the action of the fundamental group of a graph of groups on the 
corresponding Bass-Serre tree, the action of the mapping class groups of oriented surfaces 
on curve complexes, and the action of the outer automorphism groups of free groups on the 
Bestvina-Feighn complexes, just to name a few. Although these actions are, in general, very 
far from being proper, they can be used to prove many nontrivial results. 

The main goal of this paper is to suggest a general approach which allows to study hy- 
perbolic and relatively hyperbolic groups, the examples mentioned in the previous paragraph, 
and many other classes of groups acting on hyperbolic spaces in a uniform way. The achieve 
this generality, we have to sacrifice "global properness" (in any reasonable sense). Instead 
we require the actions to satisfy "local properness", a condition that only applies to selected 
collections of subgroups. 

We suggest two ways to formalize this idea. The first way leads to the notion of a hy- 
perbolically embedded collection of subgroups, which can be thought of as a generalization of 
peripheral structures of relatively hyperbolic groups. The other formalization is based on Gro- 
mov's rotating families [63] of special kind, which we call very rotating families of subgroups; 
they provide a suitable framework to study collections of subgroups satisfying small cancella- 
tion like properties. At first glance, these two ways seem quite different: the former is purely 
geometric, while the latter has rather dynamical flavor. However, they turn out to be closely 
related to each other and many general results can be proved using either of them. On the 
other hand, each approach has its own advantages and limitations, so they are not completely 
equivalent. 

Groups acting on hyperbolic spaces provide the main source of examples in our paper. 
Loosely speaking, we show that if a group G acts on a hyperbolic space X so that the action 
of some subgroup H < G is proper, orbits of H are quasi-convex, and distinct orbits of H 
quickly diverge, then H is hyperbolically embedded in G. If, in addition, we assume that all 
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nontrivial elements of H act on X with large translation length, then the set of conjugates 
of H form a very rotating family. The main tools used in the proofs of these results are the 
projection complexes introduced in a recent paper by Bestvina, Bromberg, and Fujiwara |22j 
and the hyperbolic cone-off construction suggested by Gromov in |63j . This general approach 
allows us to construct hyperbolically embedded subgroups and very rotating families in many 
particular classes of groups, e.g., hyperbolic and relatively hyperbolic groups, mapping class 
groups, Out{Fn), the Cremona group, many fundamental groups of graphs of groups, groups 
acting properly on proper CAT{0) spaces and containing rank one isometrics, etc. 

Many results previously known for hyperbolic and relatively hyperbolic groups can be uni- 
formly reproved in the general case of groups with hyperbolically embedded subgroups, and 
very rotating families often provide the most convenient way of doing that. As an illustration 
of this idea we generalize the group theoretic analogue of Thurston's hyperbolic Dehn surgery 
theorem proved for relatively hyperbolic groups in [105j (see also [66]). This and other general 
results from our paper have many particular applications. Despite its generality, our approach 
is capable of producing new results even for well-studied particular classes of groups. For in- 
stance, we answer two well-known questions about normal subgroups of mapping class groups. 
We also show that the sole existence of non-degenerate (in a certain precise sense) hyperbol- 
ically embedded subgroups in a group G has strong implications for the algebraic structure 
of G, complexity of its elementary theory, the structure of the reduced C*-algebra of G, etc. 
Note however that the main goal of this paper is to develop a general theory for the future use 
rather than to prove particular results. Some further applications can be found in [89^ I34j. 

The paper is organized as follows. In the next section we provide a detailed outline of 
the paper and discuss the main definitions and results. We believe it useful to state most 
results in a simplified form there, as in the main body of the paper we stick to the ultimate 
generality which makes many statements quite technical. Section 3 establishes the notation and 
contains some well-known results used throughout the paper. In Sections 4 and 5 we develop a 
general theory of hyperbolically embedded subgroups and rotating families, respectively. Most 
examples are collected in Section 6. Section 7 is devoted to the proof of the Dehn filling 
theorem. Applications can be found in Section 8. Finally we discuss some open questions and 
directions for the future research in Section 9. 

Acknowledgments. We are grateful to Mladen Bestvina, Brian Bowditch, Montse Casals- 
Ruiz, Remi Coulon, Thomas Delzant, Pierre de la Harpe, Ilya Kazachkov, Ashot Minasyan, 
Alexander Olshanskii, and Mark Sapir with whom we discussed various topics related to this 
paper. We benefited a lot from these discussions. The research of the third author was 
supported by the NSF grant DMS-1006345 and by the RFBR grant 11-01-00945. 
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2 Main results 



2.1 Hyperbolically embedded subgroups 

The first key concept of our paper is tlie notion of a hyperbolically embedded collection of 
subgroups. For simplicity, we only discuss here the case when the collection consists of a single 
subgroup and refer to Section |4] for the general definition. 

Let G be a group, H a subgroup of G, X a (not necessary finite) subset of G. If G = (XUH), 
we denote by T{G, X U H) the Cayley graph of G with respect to the generating set X U H. 
The disjointness of the union X \J H means that if some x G X and h £ H represent the same 
element g £ G, then r(G, X U H) contains two edges connecting every vertex v £ G to the 
vertex vg: one edge is labelled by x and the other is labelled by h. Let also Th denote the 
Cayley graph of H with respect to the generating set H. Clearly Th is a complete subgraph 
ofT{G,X UH). 

We say that a path p in T{G, X U H) connecting is admissible if p does not contain edges of 
Th- Note that we do allow p to pass through vertices of Th- Given two elements /ii, /12 £ H, 
define d{hi, /12) to be the length of a shortest admissible path p in r(G, X U H) that connects 
hi to h2- If no such path exists we set d(/ii, /12) = 00. Since concatenation of two admissible 
paths is an admissible path, it is clear that d: H x H ^ [0, 00] is a metric on H. 

Definition 2.1. We say that H is hyperbolically embedded in G with respect to X <^ G (and 
write H iG,X)) if the following conditions hold: 

(a) G is generated by X U i^. 

(b) The Cayley graph T{G,X U H) is hyperbolic. 

(c) (H, d) is a locally finite metric space, i.e., every ball (of finite radius) is finite. 

We also say that H is hyperbolically embedded in G (and write H M-/, G) if H (G, X) for 
some X C G. 

Example 2.2. (a) Let G be any group. Then G G. Indeed take X = 0. Then the Cayley 
graph r(G, X U H) has diameter 1 and d{hi,h2) = 00 whenever hi 7^ /12. Further, if 
H is a finite subgroup of a group G, then H G. Indeed H (G, X) for X = G. 
These cases are referred to as degenerate. In what follows we are only interested in 
non-degenerate examples. 

(b) Let G = H X Z, X = {x}, where x is a generator of Z. Then r(G, X U H) is quasi- 
isometric to a line and hence it is hyperbolic. However d(/ii, /12) < 3 for every /ii, /i2 € H. 
Indeed in the shift xTh of Th there is an edge (labelled by /i^^/i2 £ H) connecting hix 
to /i2X, so there is an admissible path of length 3 connecting hi to /i2 (see Fig. [T]). Thus 
if H is infinite, then H (G, X), and moreover H G. 

(c) Let G = H X = {x}, where x is a generator of Z. In this case r(G, X U H) is quasi- 
isometric to a tree (see Fig. Qj) and d(/ii, /12) = 00 unless /ii = /i2. Thus H {G, X). 
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Figure 1: Cayley graphs r(G, X U H) for G = H x Z and G = H * Z. 



Our approach to the study of hyperbohcally embedded subgroups is inspired by [106] . 
In particular, we first provide an isoperimetric characterization of hyperbolicahy embedded 
subgroups, which mimics the corresponding characterization of relatively hyperbolic groups. 

Recall that a relative presentation of a group G with respect to a subgroup H and a subset 
X is a presentation of the form 

G = {H, X \n), (1) 

which is obtained from a presentation of H by adding the set of generators X and the set of 
relations 7^. Thus G = H* F{X)/ {{R)), where F{X) is the free group with basis X and ((7^)) 
is the normal closure of TZ in H * F{X). 

The relative presentation [l] is bounded, if all elements of TZ have uniformly bounded length 
being considered as words in the alphabet X U H \ {1}; further it is strongly bounded if, in 
addition, the set of letters from H \ {1} appearing in words from TZ is finite. For instance, if 
H is an infinite group with a finite generating set A, then the presentation 

{H, {x} I [x,h] = l,heH) 

of the group G = H x Z is bounded but not strongly bounded. On the other hand, the 
presentation 

{H, {x} I [a,x] = 1, a£A) 

of the same group is strongly bounded. 

The relative isoperimetric function of a relative presentation is defined in the standard way. 
Namely we say that / : N — >• N is a relative isoperimetric function of a relative presentation [T} 
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if for every n E N and every word W of length at most n in the alphabet X U H \ which 
represents 1 in G, there exists a decomposition 



W = llf-'R^f^ 



i=l 



in the group H * F{X), where for every i = 1, . . . ,k, we have fi £ H * F{X), Ri G TZ, and 
k < fin). 



Theorem 2.3 (Theorem 4.24). Let G be a group, H a subgroup of G, X a subset of G such 
that G = {X U H). Then H {G,X) if and only if there exists a strongly bounded relative 
presentation of G with respect to X and H with linear relative isoperimetric function. 

This theorem and the analogous result for relatively hyperbolic groups (see |106j ) imply 
that the notion of a hyperbolically embedded subgroup indeed generalizes the notion of a 
peripheral subgroup of a relatively hyperbolic group. More precisely, we have the following. 



Proposition 2.4 (Proposition 4.28). Let G be a group, H < G a subgroups of G. Then G is 
hyperbolic relative to H if and only if H iG,X) for some (equivalently, any) finite subset 
X ofG. 

On the other hand, by allowing X to be infinite, we obtain many other examples of groups 
with hyperbolically embedded subgroups. A rich source of such examples is provided by groups 
acting on hyperbolic spaces. More precisely, we introduce the following. 

Definition 2.5. Let G be a group acting on a space S. Given an element s G S and a subset 
H < G, we define the H-orbit of s by 

H{s) = {h{s) \ heH]. 

We say that (the collection of cosets of) a subgroups H < G is geometrically separated if for 
every e > and every s € S, there exists i? > such that the following holds. Suppose that 
for some g £ G we have 

diam {H{s) D {gH{s))^') > R, 
where {gH{s))~^^ denotes the e-neighborhood of the coset gH. Then g £ H. 

Informally, the definition says that distinct cosets of H rapidly diverge. It is also fairly 
easy to see that replacing "every s G S" with "some s G 5"' yields an equivalent definition (see 



Remark |4.41[ ). 

Example 2.6. Suppose that G is generated by a finite set X. Let S = T{G,X). Consider a 
collection consisting of a single subgroup H. Then geometric separability of H with respect to 
the natural action on S implies that H is almost malnormal in G, i.e., D H\ < oo for any 
g ^ H. (The converse is, in general, not true.) 



Theorem 2.7 (Theorem 4.42). Let G be a group acting by isometrics on a hyperbolic space 
S, H a geometrically separated subgroup of G. Suppose that H acts of S properly and there 
exists s £ S such that the H-orbit of s is quasiconvex in S. Then H G. 
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This theorem is one of the main technical tools in our paper. In Section 2.3, we will 
discuss many particular examples of groups with hyperbolically embedded subgroups obtained 
via Theorem |2.7[ To prove the the theorem, we first use the Bestvina-Bromberg-Fujiwara 



projection complexes (see Definition 4.37) to construct a hyperbolic space on which G acts 
coboundedly. Then a refined version of the standard Milnor-Svarc Lemma will allow us to 
construct a (usually infinite) relative generating set X such that H {G,X). 

We also mention here one useful restriction which is useful in proving that a subgroup is 



not hyperbolically embedded in a group. Essentially this is a generalization of Example 2.2 
(b). 



Proposition 2.8 (Proposition 4.33). Let G be a group, H a hyperbolically embedded subgroup 



of G. Then H is almost malnormal, i.e., \H n H3\ < cc whenever g ^ H. 

Yet another obstruction for hyperbolic embedding is provided by homological invariants. 
It was proved by the first and the second author [47j that every peripheral subgroup of a 
finitely presented hyperbolic group is finitely presented. This was generalized by Gerasimov- 
Potyagailo [60j to a class of quasiconvex subgroups of relatively hyperbolic groups. In this 
paper we generalize the result of [17] in another direction that works for every hyperbolically 
embedded subgroup. Our argument is geometric, inspired by [60], and allows us to obtain 
several finiteness results in a uniform way. It is worth noting that for n > 2 parts b) and c) of 
Theorem 2.9 below are new even for peripheral subgroups of relatively hyperbolic groups. 

Recall that a group G is said to be of type (n > 1) if it admits an Eilenberg-MacLane 
space K{G, 1) with finite n-skeleton. Thus conditions Fi and F2 are equivalent to G being 
finitely generated and finitely presented, respectively. Further G is said to be of type FPn if 
the trivial G-module Z has a projective resolution which is finitely generated in all dimensions 
up to n. Obviously FPi is equivalent to Fi. For n = 2 these conditions are already not 
equivalent; indeed there are groups of type FP2 that are not finitely presented [21]. For n > 2, 
Fn implies FPn and is equivalent to FPn for finitely presented groups. For details we refer to 
the book 1351. 



Recall also that for n > 1 , the n-dimensional Dehn function of a group G is defined whenever 
G has type Fn+i; it is denoted by 5q'\ In particular = 6g is the ordinary Dehn function 
of G. The definition can be found in [5] or |31j : we stick to the homotopical version here and 
refer to [31] for a brief review of other approaches. As usual we write f ^ G for some functions 
/, 5 : N ^ N if there are A,B,G,D en such that f{n) < Ag{Bn) + Cn + D for all n G N. 

In Section 4.3, we prove the following. 



Theorem 2.9 (Corollary 4.32 ) . Let G be a finitely generated group and let H be a hyperbolically 



embedded subgroup of G. Then the following conditions hold. 

(a) H is finitely generated. 

(b) If G is of type Fn for some n > 2, then so is H. Moreover, we have ^ ^g~^ ■ ^''^ 
particular, if G is finitely presented, then so is H and 6h ^ So- 
le) If G is of type FPn, then so is H . 
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Many other results previously known for relatively hyperbolic groups can be reproved in 
the more general context of hyperbolically embedded subgroups. One of the goals of this paper 
is to help making this process "automatic" . More precisely, in Section |4] we generalize some 
important technical lemmas about relatively hyperbolic groups to the general case of hyper- 
bolically embedded subgroups. Then the proofs of many results about relatively hyperbolic 
groups work in the general case almost verbatim after replacing references to these technical 
lemmas. This approach is illustrated by the proof of the group theoretic analogue of Thurston's 



Dehn filling theorem discussed in Section 2.4 



2.2 Rotating families. 

The other main concept used in our paper is that of an a-rotating family of subgroups, which 
we again discuss in the particular case of a single subgroups here. It is based on the notion of 
a rotating family (or rotation family, or rotation schema), which was introduced by Gromov 
in [631 §26 — 28] in the context of groups acting on CAT(x) spaces with x < 0. It allows 
to envisage a small-cancellation like property for a family of subgroups in a group, through a 
geometric configuration of a space upon which the group acts, and in which the given subgroups 
fix different points. 

Definition 2.10. (a) (Gromov's rotating families) Let G r> X be an action of a group on a 
metric space. A rotating family C = (C, {Gc, c £ C}) consists of a subset C C X, and a 
collection {Gc,c G C} of subgroups of G such that 

(a-1) C is G-invariant, 

(a-2) each Gc fixes c, 

(a-3) V5 e G Vc e C, Ggc' = gGcg-\ 

The set G is called the set of apices of the family, and the groups Gc are called the 
rotation subgroups of the family. 

(b) (Separation) One says that C (or C) is p-separated if any two distinct apices are at 
distance at least p. 

(c) (Very rotating condition) When X is (5-hyperbolic for some 5 > 0, one says that C is very 
rotating if, for all c £ C, g £ Gc \ {!}, and all x,y £ X with 205 < d(x,c) < 306, and 
d{gx, y) < 155, any geodesic between x and y contains c. 

A subgroup of a group G is called a-rotating if it is a member of an a5-separated very 
rotating family of G acting on a 5-hyperbolic space for some 5 > 0. 

Example 2.11. Suppose that G = H * K for some K < G. Let C be the set of vertices of 
the corresponding Bass-Serre tree X and let Gc denote the stabilizer of c E C in G. Then we 
obtain a rotating family C = (G, {Gc, c G G}) of subgroups of G. Rescaling X it is easy to 
show that H and K are a-rotating subgroups of G for every a > 0. 

These definitions come with three natural problems. First study the structure of the 
subgroups generated by rotating families. Second, study the quotients of groups and spaces by 
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the action of rotating families. Third, provide way to construct spaces with rotating famihes 
from different contexts. We will show that the first two questions can be answered for a- 
rotating collections of subgroups if a is large enough and provide many examples of such 
collections. 



The main structural result on rotating families is a partial converse of Example 2.11 Recall 



that given a subset 5 of a group G, we denote by {{S))'^ the normal closure of S in G, i.e., the 
minimal normal subgroup of G containing S. 



Theorem 2.12 (Theorem 5.15). Let G be a group, H an a-rotating subgroup of G for some 



a > 100, X the corresponding hyperbolic space. Then the following holds. 

(a) There exists a (usually infinite) subset T (1 G such that {{H))'^ = *t,^TH*- 

(b) Every element h G {{H))^ is either conjugate to an element of H, or is loxodromic with 
respect to the action on X 

The idea for this result is to be found in \Q?>\ §26 — 28], in which X is assumed to be 
CAT{Q). Claiming that this context has "rather limited application", Gromov indicates that 
a generalization of this setting to spaces with "approximately negative" curvature is relevant, 
and sketches it in |65] , and [6l] . A similar result was thus stated in 1/6 theorem] , in which 
Gromov refers to the proof of a former result of Delzant [l8] (in which free normal subgroups 
of hyperbolic groups are found). Delzant did not use rotating families there, and his argument, 
which can indeed be generalized, is quite technical. We propose here an argument inspired by 
the more geometric setting of [631 §26 — 28], based on the notion of a windmill (see Section 



5.1) 



In order to produce spaces equipped with very rotating families, one often needs to cone-off 
a space on which the group acts, in order to make the groups Gc elliptic. However, all technics 
of coning-off will not produce a very rotating family. 

In |63t §29 — 32], Gromov proposes a coning-off construction of a CAT{x) space (x < 0) 
along a suitable collection of geodesic lines. The cone-off construction, adapted to "approxi- 
mate" negative curvature, has been developped and used in [35]) [IS]- 

In order to be able to proceed to this coning-off construction, while getting a suitable space, 
one has criteria of small cancellation flavor. 



Definition 2.13. (see 6.22) Let G be a group acting on a (5-hyperbolic graph X with (5 > 0. 
Consider IZ a family of subgroups of G stable under conjugation. We say that IZ satisfies 
{A, e)-small cancellation if the following hold: 

(a) For each subgroup H £ TZ there is a 105-strongly quasiconvex subspace Qh C X such 
that QgHg-i = QgH- 

(b) The injectivity radius inix{T^) = ^^^Hen^^ixiH) is greater than A6. 

(c) For all H ^ H' £ TZ, A{H, H') < einj^(7l). 
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A useful example being the case of cyclic loxodromic subgroups, the invariant A being the 
length of overlap of two different axis, in this case. As we mentioned, this arsenal is useful in 
order to construct spaces with very rotating families. 



Proposition 2.14 (Proposition 6.23). For every a,6 > 0, there exist A,e > such that the 
following holds. Suppose that a group G acts on a 5 -hyperbolic graph X, and H is a subgroup 
of G such that the family of all conjugates of H in G satisfies the {A,e)-small cancellation 
condition. Then H is an a-rotating subgroup of G. 

Let us emphasize a way to ensure the small cancellation condition, in the context of lox- 
odromic elements, with an acylindricity assumption. Following Bowditch [29], we say that an 
action of a group G on a set X is acylindrical if for all d there exist > 0, > such that 
for all X, y G X with d(x, y) > Rd, the set 

{g G G, d{x,gx) < d,d{y,gy) < d} 

contains at most elements. 



Proposition 2.15 (Proposition 6.28). Let G r\ \ be an acylindrical action on a 6-hyperbolic 
space. Then, for any A,e > 0, there exists n such that for any loxodromic element g G G, the 
family = {(g")* | t G G} satisfies the (A, e)-small cancellation condition. 

From this and the previous proposition, we immediately obtain the following. 

Corollary 2.16. Suppose that a group G admits an acylindrical action on a hyperbolic graph 
X. Then for every a > there exists n G N such that for any loxodromic element g €z G, {g") 
is an a-rotating subgroup of G. 

After obtaining a rotating family on a suitable space, one may want to quotient this space 
by the group of the very rotating family. A typical result of this type would assert that 
hyperbolicity is preserved, possibly in an effective way (compare to [<6A\ Theorem 1/7]). 

This is indeed what we obtain in Propositions 5.20| and |5.21[ In addition, we show that. 



under certain mild assumptions, acylindricity is preserved through coning-off and quotienting 



(Propositions 5.29 and 5.22 , respectively). A summary of these results can be stated as follows. 

Proposition 2.17. Let X &e a hyperbolic space, with a group G acting by isometrics. Let H be 
an a-rotating subgroup of G for this action. Let {{H))^ be the normal subgroup of G generated 
by H. Then, if a is large enough, the following holds. 

(a) X/ {{H))'^ is Gromov-hyperbolic, 

(b) The quotient map X — )• X/ {{H))^ is a local isometry away from the apices of the rotating 
family. 

(c) Any elliptic isometry gofK/ {{LL))'~' in G/ {{H))^ has a preimage in G that is elliptic. 

(d) If the action of G is acylindrical, if th e Gc action on the sphere centered at c satis- 
fies a properness assumption (see 5.22), then the action of G/ {{H))'^ on X/ {{LL))'^ is 



acylindrical. 
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An application of the preservation of acylindricity is that one can iterate apphcations of 
Corollary 2.16| and Proposition 2.17| infinitely many times, and construct some interesting 
quotient groups (see Sec. 8.1). 



2.3 Examples 

Let us discuss some examples of hyperbolically embedded and a-rotating subgroups. Before 
looking at particular groups, let us mention one general result, which allows us to pass from 
hyperbolically embedded subgroups to a-rotating ones. 

Theorem 2.18. Suppose that G is a group, H a hyperbolically embedded subgroup of G. Then 
for every a > 0, there exists a finite subset J- C i7 \ {1} such that the following holds. Let 
N < H be a normal subgroup of H that contains no elements of F . Then N is an a-rotating 
subgroup of G. 



In particular, this theorem together with Proposition 2.4 allows us to construct a-rotating 
subgroups in relatively hyperbolic groups. Below we consider some examples where the groups 
are not, in general, relatively hyperbolic. 

The first class of examples consists of mapping class groups. Let S be a (possibly punc- 
tured) orientable closed surface. The mapping class croup MCQ(Tj) is the group of orientation 
preserving homeomorphisms of S modulo homotopy. By Thurston's classification, an element 
of AiCQiTi) is either of finite order, or reducible (it fixes a multi-curve), or pseudo-Anosov. 
Recall that all but finitely many mapping class groups are not relatively hyperbolic, essentially 
because of large "degree of commutativity" [6j. The following is a simplification of Theorem 
[6^ and Theorem lO 



Theorem 2.19. Let Ti be a (possibly punctured) orientable closed surface and let A4CG{Ti) be 
its mapping class group. Then the following hold. 

(a) For every pseudo-anosov element a £ AiCG(T,), we have E[a) AiCGCE), where E{a) 
is the unique maximal virtually cyclic subgroup containing a. 

(b) For every a > 0, there exists n E N such that for every pseudo-anosov element a G 
MCQ{T?), the cyclic subgroup (o") is a-rotating. 

(c) Every subgroup of AiCG{T,) is either virtually abelian or virtually surjects onto a group 
with a non- degenerate hyperbolically embedded subgroup. 

This example is typical for our paper, so we discuss the strategy of the proof in a more 



detailed way. The proof is based on Theorem 2.7 applied to the curve complex C of A4CQ{Y,). 



Recall that Masur and Minsky proved that C is hyperbolic (see also |28|). Since a is 
pseudo-anosov, all orbits of (a) are quasi-convex. The same holds for the maximal elementary 
subgroup E{a) containing a as the index of (a) in E{a) is finite. Finally the geometric separa- 
bility condition for E{a) follows easily from the Bestvina-Fujiwara weak proper discontinuity 



property (or WPD, for brevity, see Definition 6.1) of the action of M.CG{T,) on C [25], which 
is a weak form of acylindricity. 
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We note that the subgroup (a) is not necessary geometrically separated. Moreover, Propo- 
sition [2^ easily implies that no proper infinite subgroup of E{a) is hyperbolically embedded 
in AiCG{T,). We also note that the existence and uniqueness of E{a) (which is well-known in 
this particular case) can be derived in a much more general situation for a loxodromic element 



a satisfying the WPD condition in a group acting on a hyperbolic space (see Lemma 6.5). 

Since (a) has finite index in E{a), there exists n such that (a") < E{a). Moreover, for 
any finite subset J- of nontrivial elements of E{a), we can find n such that (a") < E{a) and 



(a")nJ-' = 0. Applying now Theorem 2.18, we conclude that for every a > there exists n E N 



such that (a") is a-rotating. Note that here n depends on a. However, using acylindricity of 



the action of AiCGCE,) on C proved by Bowditch [29J and applying Corollary 2.16, we obtain 
a more uniform version of this result stated in part (b) of the theorem. 

A similar result can be proved for the group Out{Fn) of outer automorphisms of a free group. 
Recall that an element g E Out{Fn) is irreducible with irreducible powers (or iwip, for brevity) 
if none of its powers preserve the conjugacy class of any free factor of Fn- These automorphisms 
play the role of pseudo-anosov mapping classes in the usual analogy between mapping class 
groups and outer automorphism groups of free groups. Unfortunately, no canonical analogue of 
the hyperbolic curve complex is known for outer automorphism groups of free groups. However 
for every iwip g G Out{Fn), Bestvina and Feighn ^23j constructed a hyperbolic complex on 
which Out{Fn) acts so that the element g is loxodromic and satisfies the WPD condition. As 
above, this gives the following. 



Theorem 2.20 (Theorem 6.48| ). Let Fn be the free group of rank n, g an iwip element. Then 



E{g) Out(Fn), where E{g) is the unique maximal virtually subgroup of Out{Fn) containing 
g. In particular, for every a > 0, there exists n G N such that the cyclic subgroup (5") is a- 
rotating. 

The recent papers |25 and [7D] provides two other hyperbolic spaces on which Out{Fn) 
acts. It is very well possible that the study of the action of Out{Fn) on these spaces will lead 
to a more uniform version of the theorem. 

The same argument also works for the group Bir(P£) of birational transformations of the 
projective plane P^, called the Cremona group. It was proved in [SS], that the group Bir(P^) 
acts on a hyperbolic space in such a way that most (in a certain precise sense) elements of 
Bir(P^) are loxodromic. Some additional results from \n\ I38| allow to apply Theorem 2.7 to 
the maximal elementary subgroups containing these elements. 



Theorem 2.21 (Theorem 6.50). The Cremona group Bir(P£) contains virtually cyclic hyper- 
bolically embedded subgroups. 

The next example is due to Sisto |125] . It answers a question from the first version of this 
paper. 

Theorem 2.22 (Sisto). Let G be a group acting properly by isometrics on a proper CAT{^) 
space. Suppose that g £ G is a rank one isometry. Then g is contained in a (unique maximal) 
elementary subgroup of G, which is hyperbolically embedded in G. 
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The notion of a rank one isometry originates in the Ballman's paper [10]. Recah that an 
axial isometry g of a CAT{0) space S is rank one if there is an axis for g which does not bound 
a flat half-plane. Here a flat half-plane means a totally geodesic embedded isometric copy of 
an Euclidean half-plane in 5. For details see |1H l69] and references therein. 



Theorem 2.22| provides a large source of groups with non-degenerated hyperbolically em- 



bedded subgroups. For instance let M be an irreducible Hadamard manifold that is not a 
higher rank symmetric space. Suppose that a group G acts on M properly and cocompactly. 
Then G always contains a rank one isometry |12^ [T3t I36j . Conjecturally, the same conclusion 
holds for any locally compact geodesically complete irreducible CAT{0) space that is not a 
higher rank symmetric space or a Euclidean building of dimension at least 2 [l3j . Recall that a 
C^r(O) space is called geodesically complete if every geodesic segment can be extended to some 
bi-infinite geodesic. This conjecture was settled by Caprace and Sageev [10] for CAT{0) cube 
complexes. Namely, they show that for any locally compact geodesically complete CAT{0) 
cube complex Q and any infinite discrete group G acting properly and cocompactly on Q, Q is 
a product of two geodesically complete unbounded convex subcomplexes or G contains a rank 
one isometry. For instance, this applies to right angled Artin and Coxeter groups acting on 
the universal covers of their Salvetti complexes and their Davis complexes, respectively (see 
03] for details). 

In most examples discussed above, the hyperbolically embedded subgroups are elementary. 
The next result allows us to construct non-elementary hyperbolically embedded subgroups 
starting from any non-degenerate (but possibly elementary) ones. The proof is also based on 



Theorem 2.7 and a small cancellation- like technique. This theorem has many applications (e.g. 



to SQ-universality and C*-simplicity of groups with non-degenerate hyperbolically embedded 



subgroups) discussed in Section 2.5 



Theorem 2.23 (Theorem 6.14). Suppose that a group G contains a non- degenerate hyperbol- 



ically embedded subgroup. Then the following hold. 

(a) There exists a (unique) maximal finite normal subgroup ofG, denoted K{G). 

(b) For every infinite subgroup H G, we have K{G) < H. 

(c) For any n £N, there exists a subgroup H < G such that H G and H = Fn x K[G), 
where Fn is a free group of rank n. 

Given groups with hyperbolically embedded subgroups, we can combine them using amal- 
gamated products and HNN-extensions. In Section |6] we discuss generalizations of some combi- 
nation theorems previously established for relatively hyperbolic groups by Dahmani [36]. Here 



we state our results in a simplified form and refer to Theorem 6.19 and Theorem 6.20 for the 



full generality. The first part of the theorem requires the general definition of a hyperbolically 



embedded collection of subgroups, which we do not discuss here (see Definition 4.25). 



Theorem 2.24. (a) Let G be a group, {H,K} a hyperbolically embedded collection of sub- 
groups, i : K ^ H a monomorphism. Then H is hyperbolically embedded in the HNN~ 
extension 

{H,t I t-^kt = i{k), ke K). (2) 
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(b) Let H and K he hyperbolically embedded subgroups of groups A and B, respectively. Then 
H = K is hyperbolically embedded in the amalgamated product A *h=k B. 

Finally we note that many non-trivial examples of hyperbolically embedded subgroups can 
be constructed via group theoretic Dehn filling discussed in the next section. 

2.4 Group theoretic Dehn filling 

Roughly speaking, a Dehn surgery on a 3-dimensional manifold consists of cutting of a solid 
torus from the manifold (which may be thought of as "drilling" along an embedded knot) 
and then gluing it back in a different way. The study of this "elementary transformation" 
is partially motivated by the Lickorish- Wallace theorem, which states that every closed ori- 
entable connected 3-manifold can be obtained by performing finitely many surgeries on the 
3-dimensional sphere. 

The second part of the surgery, called Dehn filling, can be formalized as follows. Let M be 
a compact orientable 3-manifold with toric boundary. Topologically distinct ways to attach a 
solid torus to dM are parameterized by free homotopy classes of unoriented essential simple 
closed curves in dM, called slopes. For a slope cr, the corresponding Dehn filling M{a) of M is 
the manifold obtained from M by attaching a solid torus x to dM so that the meridian 
dEi^ goes to a simple closed curve of the slope a. 

The fundamental theorem of Thurston |1281 Theorem 1.2] asserts that if M — dM admits 
a complete finite volume hyperbolic structure, then the resulting closed manifold M(cj) is 
hyperbolic provided a does not contain slopes from a fixed finite set. Algebraically this means 
that for all but finitely many primitive elements x E 7ri(9M) < 7ri(M) the quotient group 
of 7ri(M) modulo the normal closure of x (which is isomorphic to ■ki{M{(t)) by the Seifert- 
van Kampen theorem) is hyperbolic. Modulo the Geometrization Conjecture, this algebraic 
statement is equivalent to the Thurston theorem. 

Dehn filling can be generalized in the context of abstract group theory as follows. Let G be 
a group and let H he a. subgroup of G. One can think of G and H as the analogues of 7ri(M) 
and 7ri(0M), respectively. Instead of considering just one element x G ff, let us consider a 
normal subgroup N < H. By {{N))'^ we denote its normal closure in G. Associated to this 
data is the quotient group G/ {{N)f, which we call the group theoretic Dehn filling of G. 

Using relatively hyperbolic groups one can generalize Thurston's theorem as follows: 

// a group G is hyperbolic relative to a subgroup H , then for any subgroup N <\ H avoiding 
a fixed finite set of nontrivial elements, the natural map from H/N to Gj {{N))'^ is infective 
and G/ {{N'f}^ is hyperbolic relative to H/N. In particular, if H/N is hyperbolic, then so is 

G/mf. 

This theorem was proved in |105j and an independent proof for finitely generated torsion 
free groups was also given in [66]. Since the fundamental group of a complete finite volume 
hyperbolic manifold M with toric boundary is hyperbolic relative to the subgroup 7ri{dM) 
(which does embed in vri (M) in this case) , the above result can be thought of as a generalization 
of the Thurston theorem. 
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In this paper we further generahze these results to groups with hyperbohcally embedded 
subgroups. We also study the kernel of the filling and obtain many other results. We state 



here a simplified version of our theorem and refer to Theorem 7.19 for a more general and 



stronger version. The following is a simplification of a more general Theorem |7.19| 

Theorem 2.25. Let G be a group, H a subgroup of G. Suppose that H {G,X) for some 
X C G. Then there exists a finite subset T of nontrivial elements of H such that for every 
subgroup N < H that does not contain elements from J- , the following hold. 

(a) The natural map from H/N to G/ {{N))'^ is injective (equivalently, Hn {{N))'^ = N). 

(b) H/N {G/ {{N))^ ,X), where X is the natural image of X in G/ {{N))^ . 

(c) Every element of {{N))^ is either conjugate to an element of N or has loxodromic dy- 
namics onT{G,X\JH). Moreover, translation numbers of loxodromic elements of {{N))^ 
are uniformly bounded away from zero. 

(d) {{N)f = *teTN^ for some subset T <ZG. 



The proof of parts (a) and (b) makes use of van Kampen diagrams and Theorem 2.3, while 
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parts (c) and (d) are proved using rotating families, namely Theorem 2.18 and Theorem 
Note that parts (c) and (d) of this theorem (as well as some other parts of Theorem 7.19) are 
new even for relatively hyperbolic groups. 



2.5 Applications 

We start with some results about mapping class groups. The following question is Problem 
2.12(A) in Kirby's list. It was asked in the early '80s and is often attributed to Penner, Long, 
and McCarthy. It is also recorded by Ivanov |82| Problems 3], and Farb refers to it in |57^ §2.4] 
as a "well known open question" . 

Problem 2.26. Is there a normal subgroup of AiCG{T,) consisting only of pseudo-Anosov 
elements (except identity)? 

The abundance of finitely generated (non normal) free subgroups of MCG{T,) consisting 
only of pseudo-anosov elements is well known, and follows from an easy ping-pong argument. 
However, this method does not elucidate the case of infinitely generated normal subgroups. For 
a surface of genus 2 this was answered by Whittlesey |131j who proposed an example based on 
Brunnian braids (her example is an infinitely generated free group). See also the study of Lee 
and Song of the kernel of a variation of the Burau representation |84j . Unfortunately methods 
of |13H [Hi] do not generalize even to closed surfaces of higher genus. 

Another question was probably first asked Ivanov (see [821 Problem 11]). Farb also recorded 
this question in Problem 2.9], and qualified it as a "basic test question" for understanding 
normal subgroups of MCG{Y^). 

Problem 2.27. Is the normal closure of a certain nontrivial power of a pseudo-Anosov element 
ofMCGi^) free? 
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In this paper we answer both questions positively. Roughly speaking, our approach is based 
on the following general idea. Suppose that a group G contains an elementary subgroup E 
that is hyperbolically embedded in G and let g ^ E be an element of infinite order. Then for 
some n E N, (g") is normal in E. Moreover, for every finite subset J- ^ E\ {!}, we can always 
ensure the condition {g"^) n = by choosing n big enough. Hence by part (d) of Theorem 



2.25, the normal closure {{g)) of in G is a free product of cyclic groups, i.e., a free group. 
This can be viewed as a generalization of Delzant's theorem |48) stating that for a hyperbolic 
group G and every element of infinite order g € G, there exists n E N such that ((5")) is free. 



Part (a) of Theorem 2.19|allows us to apply this approach to G = AiCQ{Y,) and g a pseudo- 



anosov element. Then part (c) of Theorem 2.25 also implies that {{g)) is purely pseudo-anosov. 



This approach is universal and works in many other groups, e.g., Out(Fn). For mapping class 
groups, however, we can obtain a more uniform result by directly using rotating families via 



part (b) of Theorem 2.19 and part (a) of Theorem 2.12 



Theorem 2.28 (Theorem 8.1). Let T, be a (possibly punctured) closed orientable surface. Then 
there exists n E N such that for any pseudo-anosov element a E AiCQCE), the normal closure 
of 5" is free and purely pseudo-anosov. 

A similar result can be proved for Out{Fn) using the general approach outlined above. 



Theorem 2.29 (Theorem 8.5). Let f be an iwip element of Out(Fn) . Then there exists n E N 



such that the normal closure of /" is free. 

Using techniques developed in our paper it is not hard to obtain many general results about 
groups with hyperbolically embedded subgroups. We prove just some of them to illustrate our 
methods and leave others for future papers. We start with a theorem, which shows that 
a group containing a non-degenerate hyperbolically embedded subgroup is "large" in many 
senses. Recall that the class of groups with non-degenerate hyperbolically embedded subgroups 
includes non-elementary hyperbolic and relatively hyperbolic groups, all but finitely many 
mapping class groups, Out{Fn) for n > 2, the Cremona group, directly indecomposable non- 
cyclic right angled Arting groups, and many other examples. 



Theorem 2.30 (Theorem 8.6). Suppose that a group G contains a non- degenerate hyperboli- 



cally embedded subgroup. Then the following hold. 

(a) The group G is SQ-universal. Moreover, for every finitely generated group S there is a 
quotient group Q of G such that S Q- 

(b) dim//|(G,M) = ocj^ /n particular, G is not boundedly generated. 

(c) The elementary theory of G is not superstable. 



^ After the first version of this paper was completed, M. ffuU and the third author proved in FfS' a more 
general result, which also implies that dim H^{G,P'{G)) — 00 for any p £ [f,+oo). In particular, this allows 
to apply orbit equivalence and measure equivalence rigidity results of Monod an Shalom [95] to groups with 
hyperbolically embedded subgroups. 
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Recall that a group G is called SQ-universal if every countable group can be embedded 
into a quotient of G |119j . It is straightforward to see that any SQ-universal group contains an 
infinitely generated free subgroup. Furthermore, since the set of all finitely generated groups is 
uncountable and every single quotient of G contains at most countably many finitely generated 
subgroups, every SQ-universal group has uncountably many non-isomorphic quotients. 

The first non-trivial example of an SQ-universal group was provided by Higman, Neumann 
and Neumann [76j, who proved that the free group of rank 2 is SQ-universal. Presently many 
other classes of groups are known to be SQ-universal: various HNN-extensions and amalga- 
mated products [59 1 l86 l fllSj . groups of deficiency 2 (it follows from \16\), most C(3)&T(6)- 
groups |77J, non-elementary hyperbolic groups [l8 lll02j . and non-elementary groups hyperbolic 
relative to proper subgroups [9]. However our result is new, for instance, for mapping class 
groups, Out{Fn), the Cremona group and some other classes. The proof is based on Theorem 



2.23 and part (a) of Theorem 2.25 



The next notion of "largeness" comes from model theory. We briefly recall some definitions 
here and refer to [90] for details. An algebraic structure M for a first order language is called 
^-stable for an infinite cardinal x, if for every subset A <Z M oi cardinality x the number of 
complete types over A has cardinality x. Further, M is called stable, if it is x-stable for some 
infinite cardinal x, and superstable if it is x-stable for all sufficiently large cardinals x. A 
theory T in some language is called stable or superstable, if all models of T have the respective 
property. The notions of stability and superstability were introduced by Shelah |123j . In 
|124j . he showed that superstability is a necessary condition for a countable complete theory 
to permit a reasonable classification of its models. Thus the absence of superstability may be 
considered, in a very rough sense, as an indication of logical complexity of the theory. For 
other results about stable and superstable groups we refer to the survey |130j . 

Sela |120j showed that free groups and, more generally, torsion free hyperbolic groups are 
stable. On the other hand, non-cyclic free groups are known to be not superstable [114j . More 
generally, Ould Houcine |lllj proved that a superstable torsion free hyperbolic group is cyclic. 
It is also known that a free product of two nontrivial groups is superstable if and only if both 
groups have order 2 |114j . Our theorem can be thought as a generalization of these results. 

For the definition and main properties of bounded cohomologies we refer to [M]. It is 
known that H^{G,M.) vanishes for amenable groups and all irreducible lattices in higher rank 
semi-simple algebraic groups over local fields. On the other hand, according to Bestvina and 
Fujiwara [25], groups which admit a "non-elementary" (in a certain precise sense) action on a 
hyperbolic space have infinite-dimensional space of nontrivial quasi- morphisms QH{G), which 
can be identified with the kernel of the canonical map H^{G,M.) — t- H'^{G,M). Examples of 
such groups include non-elementary hyperbolic groups [55] , mapping class groups of surfaces 
of higher genus [23], and Out{Fn) for n > 2 [23j. In Section [s] we show that the action of 
any group G with a non-degenerate hyperbolically embedded subgroup on the corresponding 
relative Cayley graph is non-elementary in the sense of [25], which implies dimi^|(G,M) = oo. 

Recall also that a group G is boundedly generated, if there are elements xi,. . . ,Xn of G 
such that for any g £ G there exist integers ai, . . . ,an satisfying the equality g = x'^^ . . . x"". 
Bounded generation is closely related to the Congruence Subgroup Property of arithmetic 



18 



groups |116| . subgroup growth [57|, and Kazhdan Property (T) of discrete groups |122| . Ex- 
amples of boundedly generated groups include 5L„(Z) for n > 3 and many other lattices in 
semi-simple Lie groups of M-rank at least 2 |4H I127j . There also exists a finitely presented 
boundedly generated group which contains all recursively presented groups as subgroups |109j . 
It is well-known and straightforward to prove that for every boundedly generated group G, the 
space QH{G) is finite dimensional, which implies the second claim of (c). 



We mention one particular application of Theorem 2.30 to subgroups of mapping class 
groups. It follows immediately from part (c) of Theorem 2.19 together with the fact a group 
that has an SQ-universal subgroup of finite index of an S'Q-universal quotient is itself SQ- 
universal. 



Corollary 2.31 (Corollary |8.4[ ). Let Yi be a (possibly punctured) closed orientable surface. 
Then every subgroup of AiCG{T,) is either virtually abelian or SQ-universal. 

It is easy to show that every SQ-universal group contains non-abelian free subgroup and has 



uncountably many normal subgroups. Thus Corollary 2.31 can be thought of as a simultaneous 
strengthening of the Tits alternative |81] and various non-embedding theorems of lattices into 
mapping class groups [58j. Indeed we recall that if G is an irreducible lattice in a connected 
higher rank semi-simple Lie group with finite center, then every normal subgroup of G is either 
finite or of finite index by the Margulis theorem. In particular, G has only countably many 
normal subgroups. Hence the image of every such a lattice in A4CG{Ti) is finite. 

We also obtain some results related to von Neumann and C* -algebras of groups with hyper- 
bolically embedded subgroups. Recall that a non-trivial group G is ICC (Infinite Conjugacy 
Classes) if every nontrivial conjugacy class of G is infinite. By a classical result of Murray and 
von Neumann |96j a countable discrete group G is ICC if and only if the von Neumann algebra 
W*{G) of G is a I/i factor. Further a group G is called inner amenable, if there exists a finitely 
additive measure ^: V{G \ {1}) — [0, 1] defined on the set of all subsets of G \ {1} such that 
fi{G \ {1}) = 1 and /i is conjugation invariant, i.e., fi{g~^Ag) = IJ,{A) for every A C G \ {1} 
and g £ G. This property was first introduced by Effros |54j . who proved that if W*{G) is a 
III factor which has property T of Murray and von Neumann, then G is inner amenable. (The 
converse is not true as was recently shown by Vaes |129j .) 

It is easy to show that every group with a nontrivial finite conjugacy class is inner amenable. 
It is also clear that every amenable group is inner amenable. Other examples of inner amenable 
groups include R. Thompson's group F, its generalizations |83llll3j . and some HNN-extensions 
|126j . On the other hand, the following groups are known to be not inner amenable: ICC Kazh- 
dan groups (this is straightforward to prove), lattices in connected real semi-simple Lie groups 
with trivial center and without compact factors |i75j, and non-cyclic torsion free hyperbolic 
groups |73j . To the best of our knowledge, the question of whether every non-elementary ICC 
hyperbolic group is not inner amenable was open until now (see the discussion in Section 2.5 
of [72]). In this paper we prove a much more general result. 



Theorem 2.32 (Theorem 8.12). Suppose that a group G contains a non-degenerate hyperbol- 



ically embedded subgroup. Then the following conditions are equivalent, 
(a) G has no nontrivial finite normal subgroups. 
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(b) G is ICC. 

(c) G is not inner amenable. 

(d) The reduced C* -algebra of G is simple. 

(e) The reduced C* -algebra of G has unique trace. 

The study of groups with simple reduced C*-algebras have begun with the Power's paper 
|115j . where he proved that the reduced C*-algebra of a non-abehan free group is simple. 
Since then many other examples have been found, including centerless mapping class groups, 
Out{Fn) for n > 2, and many amalgamated products and HNN-extensions |33l I74j . For a 
comprehensive survey of groups with simple C*-algebras we refer to |71] . Recall also that a 
(normalized) trace on a unitary C*-algebra A is a linear map r : A — t- C such that 

r(l) = 1, T{a*a) > 0, and T{ab) = T{ba) 

for all a,b £ A. 

Equivalence of (a), (e), and (f) was known before for relatively hyperbolic groups [8J. Note 
however that in |8] properties (e) and (f) are derived from the fact that the corresponding 
group satisfies the property Pnai, which says that for every finite subset T C G, there exists a 
nontrivial element g G G such that for every f G J-' the subgroup of G generated by / and g 
is isomorphic to the free product of the cyclic groups generated by / and g. We do not know 



if this property holds in our case. Instead we use Theorems 2.23 and 2.25 to show that if a 
group G contains a non-degenerate hyperbolically embedded subgroup and satisfies (a), then 
it is a group of the so-called Akemann-Lee type, which means that G contains a non-abelian 
normal free subgroups with trivial centralizer. This implies (e) and (f) according to [2]. 



3 Preliminaries 

3.1 General conventions and notation 

Throughout the paper we use the standard notation [a, 6] = a~^b~^ab and = b^^ab for 
elements a, 6 of a group G. Given a subset -R C G, by ((-R))*^ (or simply by {{S)) if no confusion 
is possible) we denote the normal closure of 5 in G, i.e., the smallest normal subgroup of G 
containing R. 

When talking about metric spaces, we allow the distance function to take infinite values. 
Algebraic operations and relations <, >, etc., are extended to [— oo,-|-oo] in the natural way. 
Say, c -|- cxD = oo for any c G (— oo, -|-oo] and c • oo = oo for any c E [0, +oo], while — oo -|- oo and 
oo/oo are undefined. Whenever we write any expression potentially involving ±00, we assume 
that it is well defined. 

If S" is a geodesic metric space and x,y £ S, [x, y] denotes a geodesic in 5 connecting x 
and y. For two subsets Ti,T2 of a metric space S with metric d, we denote by d(Ti,T2) and 
dHau(Ti,T2) the usual and the Hausdorff distance between Ti and T2, respectively. That is, 

d(ri,T2) = inf{d(ti,t2) I ti G Ti, t2 G T2} 
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and 

dHau{Tl,T2) = SUp{d(ti,r2),d(ri,f2) | U G Ti, ^2 G T2}}. 

For a subset T C 5, T^"^ denotes the closed e-neighborhood of T, i.e., 

= {s G 5 I d(s,r) < e}. 

Given a word W in an alphabet ^, we denote by its length. We write W = V to 

express the letter-for-letter equality of words W and V. If ^ is a generating set of a group 
G, we do not distinguish between words in A and elements of G represented by these words 
if no confusion is possible. Recall that a subset X of a group G is said to be symmetric if for 
any x G X, we have E X. In this paper all generating sets of groups under consideration 
are supposed to be symmetric, unless otherwise is stated explicitly. By T{G, X) we denote the 
Cay ley graph of G with respect to X. If p is a combinatorial path in a labeled directed graph 
(e.g., a Cayley graph or a van kampen diagram), Lab(p) denotes its label. 

If G is a group and ^ C G, we denote by \g\j[ the (word) length of an element g G G. Note 
that we do not require G to be generated by A and we will often work with word length with 
respect to non-generating subsets of G. By definition, \g\j[ is the length of a shortest word 
in A representing g in G ii g £ {A) and oo otherwise. Associated to this length function is 
the metric distjc. G x G — ?■ [0, +00] defined in the usual way. If G is generated by A, we also 
denote by distj^ the natural extension of this metric to the Cayley graph T{G,X). 

3.2 Hyperbolic spaces and group actions 

A geodesic metric space S is 5 -hyperbolic for some 6 > (or simply hyperbolic) if for any 
geodesic triangle T in S, any side of T belongs to the union of the closed (5-neighborhoods of 
the other two sides |62j. A finitely generated group is called hyperbolic if its Cayley graph with 
respect to some (equivalently, any) generating set is a hyperbolic metric space. 

Given a path p in a metric space, we denote by p- and p+ the origin and the terminus of 
p, respectively. We also denote {p-,p+} by p±. The length of p is denoted by i{p). A path p 
in a metric space S is called (A, c)- quasi- geodesic for some A > 1, c > if 

^(9) < \dist{q-,q+) + c 

for any subpath q of p. The following property of quasi-geodesics in a hyperbolic space is well 
known and will be widely used in this paper. 

Lemma 3.1. For any 5 > 0, A > 1, c > 0, there exists a constant x = x{5, A, c) > such that 

(a) Every two {X, c) -quasi-geodesics in a 5-hyperbolic space with the same endpoints belong 
to the closed x -neighborhoods of each other. 

(b) For every two bi-infinite {X, c) -quasi-geodesics a,b in a 5-hyperbolic space, dHauicL,b) < 
00 implies dHa«(«>^) < X- 

The next lemma is a simplification of Lemma 10 from [lOOj . We say that two path p and 
(7 in a metric space are e-close for some e > if dHau{p±, Q±) < £• 
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Lemma 3.2. Suppose that the set of all sides of a geodesic n-gon V = pYPi ■ ■ - Pn in a 6- 
hyperholic space is divided into two subsets S, T. Assume that the total lengths of all sides 
from S is at least lO^cn for some c > 30(5. Then there exist two distinct sides pi, pj, and 
135-close suh segments u, v of pi andpj, respectively, such that pi G S and m.m{i{u) , i{v)} > c. 

From now on, let S be a geodesic metric space. 

Definition 3.3. A subset Q C S is a-quasiconvex if any geodesic in S between any two points 
of Q is contained in the closed cj-neighborhood of Q. We say that Q C S is a-strongly quasicon- 
vex if for any two points x,y £ Q, there exists x' ,y' £ Q at such that max{d(x, x'),d{y, y')} < a 
and any three geodesies [x' , y'], [x, x'], [y, y'] are contained in Q. 

We will need the following remarks. The proofs are elementary and we leave them to the 
reader. 

Lemma 3.4. Let Q be a a-quasiconvex subset of a geodesic space S. Then the following hold. 
Let S be a 6-hyperbolic space, and Q be a a -quasi- geodesic subset of S. 

(a) The set Q'^" is 25 -strongly quasiconvex. 

(b) If Q is a-strongly quasiconvex, then the induced path-metric dq on Q satisfies for all 
x,y eQ, ds{x, y) < dqix, y) < ds(x, y) + 2a. 

(c) If S is 6-hyperbolic, then for all r > a, Q"'"'" is 46 -quasiconvex. 

Following Bowditch [29], we define an acylindrical action as follows. 

Definition 3.5 ( Acylindricity) . Let G be a group acting by isometrics on a space S. We say 
that the action is acylindrical if for all d there exists Rd > 0, > such that for all x,y €z S 
with d(x, y) > Rd^the set 

{g G G, d{x,gx) < d,d{y,gy) < d} 
contains at most elements. 

Proposition 3.6 (Equivalence of definitions). Assume that S is 5-hyperbolic, with 5 > 0. 
Then the action of G is acylindrical if and only if there exists Rq, Nq such that for all x,y £ S 
with d{x,y) > Rq, the set 

{g G G, dix,gx) < W06,diy,gy) < 1005} 
contains at most Nq elements. 

Remark 3.7. If S is an M-tree, this does hold for any 6 > 0, but not with 6 = 0. 

Proof. If the action is acylindrical, the condition is obviously true. 

Conversely, let d be arbitrary, and take R^ = Rq + 4:d + W06. Consider x, y at distance 
> Rd, and a subset S C G of elements that move x and y by at most d. Consider a geodesic 
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[x,?/], and x' at distance d+ 105 from x on The point gx' lies on \gx^gy\ at distance 

d + 10(5 from gx. Looking at the quadrilateral {x, gx,y, gy), we get that gx' is 10(5-close to a 
point G [x, y] since ii^ > 2(i + 20(5. Note that d{pg,x) <2d + 205. 

Consider Ni = f^^j^^l , and for alH = 1, . . . , A^'i, consider the point pi G [x, y] at distance 
10i6 from x (this is where we use (5 > 0). By construction, for all g € S, pg is 10(5-close to 
some Pi, so gx' is 20(5-close to some pi. 

It follows that there exists i £ {l,...,A^i}, and a set S" C S" of cardinal at least ^S/Ni 
such that for all g G S' , d{gx',pi) < 206. Choose go G 5', and note that all elements g G go^S' 
move x' by at most 40(5, and move y by at most 2d. 

Let y' G [x' , y] be at distance d+105 from x'. By choice of Rd, d(x', y') > Rq. Looking at the 
quadrilateral (x', gx' , y, gy), we see that d(y', gy') < 505. Since d(x', gx') < 505, our assumption 
implies that #S' < Nq. Hence #S < N^Nq so we can take Nd = NiNq = Nq f^^^^] . □ 

3.3 Relative presentations and isoperimetric functions 

Van Kampen Diagrams and isoperimetric functions A van Kampen diagram A over 
a presentation 

G={A\0) (3) 

is a finite oriented connected planar 2-complex endowed with a labeling function Lab : E{A) — )• 
A, where E{A) denotes the set of oriented edges of A, such that Lab(e~"'^) = (Lab(e))~^. 

Given a cell n of A, we denote by dH the boundary of n. Similarly, dA denotes the 
boundary of A. The labels of dH and dA are defined up to cyclic permutations. An additional 
requirement is that for any cell n of A , Lab(5n) is equal to (a cyclic permutation of) a word 
P=^\ where P G C A dia gram A over ([s]) is called a disk diagram if it is homeomorphic to a 
disc. 

By the well-known van Kampen Lemma a word W over an alphabet A represents the 
identity in the group given by ^ if and only if there exists a disc diagram A over ^ such 
that Lab(aA) = W. 

Remark 3.8. It is easy to show (see |99l Ch. 4]) that for any vertex O of a disc van Kampen 
diagram A over there is a natural continuous map fi from the 1-skeleton of A to T{G,A) 
that maps O to the identity vertex of T{G, A) and preserves labels and orientation of essential 
edges. 

Let 

G={X\n) (4) 

be a group presentation. Given a word W in the alphabet XUX^^ representing 1 in G, denote 
by Area{W) the minimal number of cells in a van Kampen diagram with boundary label W. 
A function / : N — )• N is called an isoperimetric function of Q if Area{W) < f{n) for every 
word W in X U of length at most n representing 1 in G. 

Relative presentations. Let G be a group, {Hx}x(:a a collection of subgroups of G. A 
subset X is called a relative generating set of G with respect to {Hx}x£A if G is generated by 
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X together with the union of all -^a's- In what follows we always assume relative generating 
sets to be symmetric, i.e., if x G X, then x""^ G X. 

Let us fix a relative generating set X of G with respect to {-f^AjAeA- The group G can be 
regarded quotient group of the free product 

F = {*xeAHx)*F{X), (5) 

where F[X) is the free group with the basis X. 

Suppose that kernel of the natural homomorphism F — t- G is a normal closure of a subset 
IZ in the group F. The set IZ is always supposed to be symmetrized. This means that ii R 
then every cyclic shift of R^^ also belongs to IZ. Let 

H=[}{Hx\{l}). 

AeA 

We think of ^ as a subset of F. Let us stress that the union is disjoint, i.e., for every nontrivial 
element h G G such that h G HxCiH^ for some \ fJ^, the set Ti contains two copies of h, one in 
H\ and the other in H^. Further for every A G A, we denote by S\ the set of all words over the 
alphabet Hx \ {1} that represent the identity in Hx. Then the group G has the presentation 

{x,'H\sun), (6) 

where 5 = |J 5a. In what follows, presentations of this type are called relative presentations 
AeA 

of G with respect to X and {Hx}xeA- Sometimes we will also write ^ in the form 

G = {X,{Hx}xeA I n). 

Let A be a van Kampen diagram over ([6|. As usual, a cell of A is called an 7^-cell 
(respectively, a 5-cell) if its boundary is labeled by a (cyclic permutation of a) word from TZ 
(respectively S). 

Given a word W in the alphabet X U H such that W represents 1 in G, there exists an 
expression 

k 

W=Fllf^'Rt'f^ (7) 

1=1 

with the equality in the group F, where Ri £ TZ and G F for i = 1, . . . , fc. The smallest 
possible number in a representation of the form ([7| is called the relative area of W and is 
denoted by Area'^^\W). 

Obviously Area^'^^(W) can also be defined in terms of van Kampen diagrams. Given a 
diagram A over ([g]), we define its relative area, Area'''^'(A), to be the number of 7^-cells in 
A. Then Area^'^^iW) is the minimal relative area of a van Kampen diagram over ^ with 
boundary label W . 

Finally we say that f{n) is a relative isoperimetric function of Q if for every word W of 
length at most n in the alphabet X VJH representing 1 in G, we have Area^^^{W) < f{n). 
Thus, unlike the standard isoperimetric function, the relative one only counts 7^-cells. 
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Relatively hyperbolic groups. The notion of relative hyperbolicity goes back to Gromov 
|62j . There are many definitions of (strongly) relatively hyperbolic groups |30| [531 l56l I106j . 
All these definitions are equivalent for finitely generated groups. The proof of the equivalence 
and a detailed analysis of the case of infinitely generated groups can be found in [78j . 

We recall the isoperimetric definition suggested in |106| . which is the most suitable one 
for our purposes. That relative hyperbolicity in the sense of [301 [561 E2] implies relative 
hyperbolicity in the sense of the definition stated below is essentially due to Rebbechi |117j . 
Indeed it was proved in |117j for finitely presented groups. The later condition is not really 
important and the proof from [117j can easily be generalized to the general case (see |106j ). 
The converse implication was proved in |106j . 

Definition 3.9. Let G be a group, {Hx}\£A a collection of subgroups of G. Recall that G is 
hyperbolic relative to a collection of subgroups {Hx}x^/<^ if G has a finite relative presentation 
(|6]) (i.e., the sets X and TZ are finite) with linear relative isoperimetric function. 

In particular, G is an ordinary hyperbolic group if G is hyperbolic relative to the trivial 
subgroup. 

4 Generalizing relative hyperbolicity 

4.1 Weak relative hyperbolicity and bounded presentations 

Throughout this section let us fix a group G, a collection of subgroups {-f^AlAeA of G, and a 
(not necessary finite) relative generating set X of G with respect to {i?A}AeA- Our first goal 
is to extend some standard tools from the theory of relatively hyperbolic groups to a more 
general case. 

More precisely, as in the case of relatively hyperbolic groups we define 

n=\J{Hx\{l}). (8) 

AeA 

By abuse of notation let T{G, XUTi) denote the Cayley graph of G whose edges are labeled by 
letters from the alphabet X UT-L. Note that some letters from X UT-L may represent the same 
element in G, in which case T{G, X U H) has multiple edges corresponding to these letters. 

Definition 4.1. We say that G is weakly hyperbolic relative to X and {-f^AlAeA if ^^e Cayley 
graph r(G, X UV.) is hyperbolic. 

We also denote by Fa the Cayley graphs T{Hx,Hx \ {1}), which we think of as complete 
subgraphs ofr{G,XU'H). 

Definition 4.2. For every A G A, we introduce a relative metric dx- Hx x Hx — [0, +cxd] as 
follows. Given h,k £ Hx let dx{h,k) be the lengths of a shortest path in T{G,X U Ti) that 
connects h to k and has no edges in Fa. If no such a path exists, we set dx{h, k) = oo. Clearly 
dA satisfies the triangle inequality. 
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The notion of weak relative hyperbolicity and defined above is not sensitive to 'finite 
changes' in generating sets in the following sense. Recall that two metrics di, d2 on a set S are 
Lipschitz equivalent (we write di ^Lip ^2 if di) if the ratios di/d2 and d2/di are bounded on 
S X S minus the diagonal. We also say that a metric space S is locally finite, if every ball in 
S is locally finite. 

Proposition 4.3. Let G be a group, {/^AjAeA a collection of subgroups of G, Xi, X2 two 

relative generating sets of G with respect to {Hx}xeA- Suppose that \XiAX2\ < 00. Then 
d\ ^Lip d| and dxiU'H dx2U'H- I'^ particular, T{G,Xi U T-L) is hyperbolic if and only if 
T{G,XiUn) is. 

Proof. The proof is standard and is left to the reader. □ 

Remark 4.4. Note that the metric d^ is much more sensitive. For instance, let G be any finite 
group, H = G, and X = 0. Then d{g, h) = 00 for any distinct g,h G H. However if we take 
X = G, we have d{g, h) < 00 for all g,h £ H. 

Definition 4.5 (Components, connected and isolated components). Let g be a path 
in the Cayley graph T{G,X U T-L). A (non-trivial) subpath p of g is called an Hx-subpath, if 
the label of p is a word in the alphabet Hx \ {!}• An ff^-subpath p oi q is an Hx-component 
if p is not contained in a longer subpath of q with this property. Further by a component of q 
we mean an i^^-component of q for some A E A. 

Two -ffA-components pi,P2 of a path q in T{G,X U T-L) are called connected if there exists 
a path c in T{G, X U T-L) that connects some vertex of pi to some vertex of p2, and Lab(c) is a 
word consisting only of letters from Hx \ {!}■ In algebraic terms this means that all vertices 
of pi and p2 belong to the same left coset of Hx- Note also that we can always assume that c 
has length at most 1 as every non-trivial element of Hx is included in the set of generators. 

Finally, given a path p in T(G, X U T-L) labelled by a word in an alphabet Hx \ {1} for some 
A G A, we define 

?(p) = dA(l,Lab(p)). 

We stress that £ is a function of a particular path, not only its endpoints. Indeed it can happen 
that two vertices x,y G G can be connected by pathes p and q labelled by words in alphabets 
Hx \ {1} and -fT^ \ {1} for some /U / A. In this case i{p) = dx{l, x~^y) and i{q) = df^{l, x~^y) 
may be non-equal. Also note that £ is undefined for pathes whose labels involve letters from 
more then one Hx or from X. In our paper i will be used to "measure" components of paths 
in r(G, X U Ti), in which case it is always well-defined. 



The lemma below follows immediately from Definitions 4.2 and |4.5 



Lemma 4.6. Let p be an isolated Hx-component of a cycle of length C in T{G,XlM-L). Then 
i{p) < C. 

Definition 4.7 (Bounded and reduced presentations). A relative presentation ^ is said 
to be bounded if relators from TZ have uniformly bounded length, i.e., sup{||i?|| | R G TZ} < 00. 
Further the presentation is called reduced if for every R £ TZ and some (equivalently any) cycle 



26 





Figure 2: Two cases in the proof of Lemma 4.9 



p in r(G, XWH) labeled by R, all components of p are isolated and have length 1 (i.e., consist 
of a single edge). 

Remark 4.8. Note that whenever ([6]) is reduced, for any lett er a letter h E Hx Vil} appearing 
in a word from TZ, we have d\{l,h) < \\R\\ by Lemma 
there is a uniform bound on dx{l,h) for such h. 



4.6 



In particular, if mh is bounded. 



Lemma 4.9. Suppose that a group G is weakly hyperbolic relative to a collection of subgroups 
{/^aIaga o,nd a subset X. Then there exists a hounded reduced relative presentation of G with 
respect to {H\}xeK ^"f^d X with linear relative isoperimetric function. 

Conversely, suppose that there exists a hounded relative presentation of G with respect to 
{H\}\,^\ and X with linear relative isoperimetric function. G is weakly hyperbolic relative to 
a collection of subgroups {-f^AjAeA o-nd a subset X. 

Proof. Let us call a word W in the alphabet X L\T-L a. relator if W represents the identity 
in G. Further we call W atomic if the following conditions hold: a) for some (hence any) 
cycle p in r(G, X U %) labeled by W , all components of p are isolated and have length 1 
(i.e., consist of a single edge); b) W is not a single letter from %. Let TZ' (respectively, TZ) 
consist of all relators (respectively, atomic relators) that have length at most 16(5, where 6 is 
the hyperbolicity constant of r(G, X U Ti). 

Let us first show that for every integer n, there exists a constant > such that for every 
word W ^TZ' oi lengths ||W^|| < n, there is a van Kampen diagram A with boundary label W 
and Area'^'^\/S.) < Cn over the presentation 



{x,n 1 5u7^), 



(9) 



where S = IJagA'^^ ™ Section 3.3, We proceed by induction on n. If \\W\\ = 1, then W is 
either atomic or consists of a single letter from %. In both cases Ci = 1 works. Suppose now 
that = n > 1 and W is not atomic. Let p be a cycle in r(G, XVM-L) labeled by W . There 
are two possibilities to consider. 

First assume that some f^A "Component q oi p has lengths more than 1. Up to a cyclic 
permutation, we have W = AQ, where Q = Jjah{q). Let h £ Hx be the element represented 
by Q. Then Ah is a relator of lengths at most — 1 and by the inductive assumption there 



27 



is a van Kampen diagram S over ([9]) with boundary label Ah and area at most Cn-i- Gluing 
this diagram and the 5-celI with boundary label h~^Q in the obvious way (Fig. [2]), we obtain 
a van Kampen diagram over ^ with boundary label W and area at most Cn-i + 1- 

Now assume that the cycle p decomposes as aiua2V, where 01,02 are connected Hx com- 
ponents for some A E A. Let A1UA2V be the corresponding decomposition of W. Since oi 
and 02 are connected, U and V represent some elements h and k of Hx, respectively. Note 
that AihA2k £ Sx- Further the words h^^U, k^^V represent 1 in G and have lengths smaller 
than \\W\\. By the inductive assumption there are disc van Kampen diagram diagrams Ai 
and A2 over ^ with boundary labels h~^U and k~^V, respectively, and areas at most Cn-i- 
Gluing these diagrams and the 5-cell labeled AihA2k in the obvious way (Fig. [2]), we obtain 
a diagram over ^ with boundary label W and area at most 2C„_i + 1. Thus we can set 

Cn = ICn—l + 1- 

Recall that any 5-hyperbolic graph endowed with the combinatorial metric becomes 1- 
connected after gluing 2-cells along all combinatorial loops of length at most 165 and moreover 
the combinatorial isoperimetric function of the resulting 2-complex is linear (see [32] Ch. III.H, 
Lemma 2.6] for details). In our settings this means that the presentation 

{x,n\n') (10) 



represents the group G and (10) has a linear isoperimetric function f{n) = An for some 
constant A. According to the previous paragraph every diagram over ( |10[ ) can be converted 
to a diagram over (|9| by replacing every cell with a van Kampen diagram over ([9]) having the 
same boundary label and at most Cig^ cells. Thus Q represents G and Cl6^^f^ is a relative 
isoperimetric function of Clearly ^ is bounded and reduced. 

To prove the converse, let ([9]) be a relative presentation of G with respect to {-f^AlAeA ^iid 
X with relative isoperimetric function f{n) = Gn. Obviously we also have 

G = {x,n\s'yjn), (ii) 

where S' = UagA'^a consists of all words of length < 3 in the alphabet ^^a \ {1} 

representing 1 in Hx- The idea is to show that the (non-relative) isoperimetric function of 



(11) is linear. Since the length of relators in (11) is uniformly bounded, the combinatorial 
isoperimetric function of T{G,X U T-L) is also linear by Remark 3.8, Hence T{G,X U %) is 
hyperbolic (for the definition of an isoperimetric function of a general space and its relation to 
hyperbolicity see Sec. 2 of Ch. III.H and specifically Theorem 2.9 in |32j). 

Let be a word in X VM-L representing 1 in G. Suppose that ||H^|| = n. Let A be a van 
Kampen diagram of perimeter at most n over ^ such that a) A has at most Gn 7^-cells; and 
b) A has minimal number of S cells abong all diagrams satisfying a). In particular, b) implies 
that no two 5-cells can have a common boundary edge as otherwise we could replace these 
5-cells with a single one. Hence every boundary edge of every 5-cell either belongs to dA. or 
to a boundary of an 7^-cell. Thus the total length of boundaries of all 5-cells in A is at most 
(CM + l)n, where M = max{||i?|| : R G TZ}. Triangulating every 5-cell of A in the obvious 



way, we obtain a van Kampen diagram A' over (11) with less than (CM + G + l)n cells. Hence 



the (non-relative) isoperimetric of (11) is linear and we are done. □ 
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r2 

Figure 3: Decomposition of A. 

Given a subset Y < T{G, XUTi) and a path p in a Cayley graph of G, let iyip) denote the 
word length of the element represented by Lab(p) with respect to Y. Recall that iyip) = oo 
if Lab (p) ^ (y). 

Lemma 4.10. Let 

{x,'H\sun) (12) 

be a bounded presentation of a group G with respect to a collection of subgroups {Hx}x^/<^. Let 



Yx be the set of all letters from Hx \ {1} that appear in words from IZ. Suppose that (12) has 
relative isoperimetric function f{n). Then for every cycle q in T{G,X U H) and every set of 
isolated components pi, . . . ,pn of q, where pi is an Hx^- component, we have 

n 

Y,^y.M)<Mfm), (13) 

i=l 

where 

M = max||i?||. (14) 
Ren 



Proof. Consider a van Kampen diagram A over (12) whose boundary label is Lab((7). In what 
follows we identify dA with q. Assume that q = piri ■ ■ -prirn- For i = 1, . . . , n, let denote 
the set of all subdiagrams of A bounded by Pi{p'i)~^, where p'^ is a path in A without self 
intersections such that (p'^)- = {Pi)-, {p'i)+ = iPi)+, and Lab(y-) is a word in the alphabet 
Hxi- We choose a subdiagram Si G T>i that has maximal number of cells among all subdiagrams 
from Vi (see Fig. |3]). 

Let = PiS~^. Since pi is an isolated component of q, the path Si has no common edges 
with ri, i = 1, . . . k, and the sets of edges of Sj and sj are disjoint whenever j ^ i. Therefore 
each edge e of Si belongs to the boundary of some cell 11 of the subdiagram S of A bounded 
by siri---Skrk. 

If n is an S-cell, then Lab(n) is a word in the alphabet Hxi \ {!}• Hence by joining 11 to 
S j we get a subdiagram G Vi with bigger number of cells that contradicts the choice of S j . 
Thus each edge of Si belongs to the boundary of an 7^-cell. 
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The total (combinatorial) length of Sj's does not exceed the number of 7^-cells in H times 
the maximal number of edges in boundary of an 7^-cell. Therefore, 

k k 

Y.^Y,SPi) = E^^A, < MArea''\La.h{dA)) < Mf{£{q)). (15) 

i=l 1=1 

□ 

Recall that given a path p in T{G, XUH), £{p) = dx{l, Lab(p)) if p is labelled by elements 
of some Hx \ {!}• In what follows, we say that two metrics di, d2 : H ^ [0, +oo] on a set H are 
bi-Lipschitz equivalent (we write di d2), if for any /ii,/i2 S H, di(/ii,/i2) is finite if and 
only if d2(/ii, /12) is, and the ratio di/d2 is uniformly bounded on H x H minus the diagonal. 

For weakly relatively hyperbolic groups we obtain the following. 

Lemma 4.11. Suppose that G is weakly hyperbolic relative to X and {Hx}\^\. Then the 
following hold. 

(a) There exists a constant L such that for every cycle q in T(G,X U H) and every set of 
isolated components pi, . . . ,pn of q, we have 

n 

Y,^{p^)<M{q). 

i=l 



(b) For every A G A, there exists a subset Y\ e Hx such that dy^ ^Lip dx- More precisely, 
if (12) is a reduced bounded relative presentation of G with respect to X and {-^AjAeA 



with linear relative isoperimetric function, then one can take Yx to be the set of all letters 
from Hx \ {1} that appear in words from IZ. 



Proof. By Lemma 4.9 there exists a reduced bounded relative presentation of G with respect to 



X and {Hx}x&k with linear relative isoperimetric function. Let ( 12 ) be any such a presentation. 



Note that since (12) is reduced, we have 



dA(l,y) <M 



(16) 



implies (a). 



16). It remains to prove 



by Lemma |4.6[ where M is defined by ( |14[ ). This and the inequality (13) 

To prove (b), take any h G Hx. Notice that dA(l, h) < M|/i|y^ by 
the converse inequality. In case dA(l,/i) = 00 we obviously have |/i|y^ < dx{l,h). Suppose 
now that dx{l,h) = n < 00. Let p be a path in T(G,X U T-L) of length n such that p- = 1, 
p+ = h, and p contains no edges of Th^. Let e be the edge of T{G, X WH) connecting 1 to /i 
and labeled by h. Then e is an isolated //A-component of the cycle ep~^ and by part (a) we 
have 



\h\ 



(e) < Le{q) = L{n + 1) < 2Ln = 2Ldx{l, h). 



Thus dA and dy, are Lipschitz equivalent. 



□ 
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In many cases the subsets 13^ can be described explicitly. Here are some elementary exam- 
ples. 

Example 4.12. (a) Let G = Hi *a=b H2 be the amalgamated product of groups Hi,H2 
corresponding to an isomorphism l: A ^ B between subgroups A < Hi and B < H2. 
Then G is weakly hyperbolic relative to {Hi, H2} and X = 0. Indeed it is easy to verify 
that T{G,X U Ti) is quasi-isometric to the Bass-Serre tree of G (see, e.g., |110j ). The 
natural relative presentation 

G={Hi,H2\a = i{a),aeA) (17) 
is obviously bounded. Moreover it easily follows from the normal form theorem for amal- 



gamated products [SB^, Ch. IV, Theorem 2.6] that (17) has linear relative isoperimetric 



function. The definition of Y\ from Lemma |4.10| gives Yi = A, Y2 = B in this case. 



Hence by part (b) of Lemma 4.11, for the corresponding relative metrics on Hi and H2 



we have di ~Ljp d^ and d2 ~Lip d^. 

(b) Similarly if G is an HNN-extension of a group H with associated subgroups A, B < H , 
then G is weakly hyperbolic relative to H and X = {t}, where t is the stable letter. The 
corresponding relative metric on H is bi-Lipschitz equivalent to the word metric with 
respect to the set Au B. 

(c) More generally, it is not hard to show that for every finite graph of groups Q, its funda- 
mental group 7ri{G) is weakly hyperbolic relative to the collection of vertex groups and 
the subset X consisting of stable letters (i.e., generators corresponding to edges of ^ \ T, 
where T is a spanning subtree of ^). The corresponding relative metric on a vertex group 
Hy corresponding to a vertex v will be bi-Lipschitz equivalent to the word metric with 
respect to the union of the edge subgroups of H^ corresponding to edges incident to v. 
The proof is essentially the same as above. We leave this as an exercise for the reader. 
For details about fundamental groups of graphs of groups, their presentations, and the 
normal form theorem we refer to |121j . 



4.2 Isolated components in geodesic polygons 

Throughout this section let G be a group, {Hx}x£A a collection of subgroups oi G, X a subset 
of G. Our next goal is to generalize some useful results about quasi-geodesic polygons in Cayley 
graphs of relatively hyperbolic groups proved in [105]. We start with a definition which is an 
analogue of \W5\ Definition 3.1]. 

Definition 4.13. For > 1, c > 0, and n > 2, let Q^^c{n) denote the set of all pairs {V, I), 
where "P = pi . . .p„ is an n-gon in r(G, X WH) and / is a distinguished subset of the set of 
sides {pi, . . . ,pn} of V such that: 

1. Each side pi G I is an isolated component of V. 

2. Each side pi ^ I is {fi, c)-quasi-geodesic. 
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For technical reasons, it is convenient to allow some of the sides pi, . . . ,pn to be trivial. Thus 
we have Q^,c(2) Q Q^l,ci^) ^ • • •• Given {V,I) £ Qfj.,cin), we set 

and 

Sm,c("-) = sup s{VJ). 

(P,-f)eSM,c(n) 

A priori, it is not even clear whether s^^dn) is finite for fixed values of n, and c. However 
even a much stronger result holds. It is the analogue of Proposition 3.2 from [105j . 

Proposition 4.14. Suppose that G is weakly hyperbolic relative to X and {Hx}x,z\. Then for 
any /i > 1, c > 0, there exists a constant D = D{fj,,c) > such that s^^dn) < Dn for any 
n G N. 

The proof of this proposition repeats the proof of its relatively hyperbolic analogue, Propo- 
sition 3.2 in Section 3 of |105j . almost verbatim after few changes in notation and terminology. 
In fact, the key tool in the proof of Proposition 3.2 in [105] was Lemma 2.7 from the same 



paper, which has a direct analogue, namely Lemma 4.11, in our situation. Apart from this 



lemmas, the proof in |105j only uses general facts about hyperbolic spaces, so all arguments 



remain valid. Since Proposition 4.14 plays a central role in our paper, we reproduce here the 
proof for convenience of the reader. 

The following obvious fact observation will often be used without special references. If gi, 
q2 are connected components of some path in T{G,X U T-L), then for any two vertices u £ qi 
and V £ q2, we have dxuni'^^v) < 1. Note also that replacing pi for each i £ I with a single 
edge labelled by a letter from the corresponding alphabet i^;j\{l} does not change i{pi)- Thus 
we assume that for each i £ I , pi is a single edge. Below we also use the following notation for 
vertices of V: 

= {Pn)+ = (Pl)-, X2 = {pi)+ = {P2)-, • • • , Xn = (Pn-l)+ = (Pn)-- 



The following immediate corollary of Lemma 3.1 will be used several times. 



Lemma 4.15. For any 5 > 0, A > 1, c > 0, there exists a constant 9 = 6(6, A, c) > with the 
following property. Let Q be a quadrangle in a 6 -hyperbolic space whose sides are (A, c) -quasi- 
geodesic. Then each side of Q belongs to the closed 6 -neighborhood of the union of the other 
three sides. 



Proof. Obviously 6 = x(A,c) + 26, where x(A, c) is the constant provided by Lemma 3.1 



works. □ 
From now on, we fix A and c. Without loss of generality we may assume 9 = 9(6, A, c) to 



be a positive integer. The proof of Proposition 4.14 is by induction on n. We begin with the 
case n < 4. 
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Figure 4: Cases 3 a) and b) 
Lemma 4.16. For any A > 1, c > 0, and n < 4, sx^dn) is finite. 



4.11 



it suffices to 



Proof. Suppose that {V, I) G Qa,c(4), V = PiP2PzPi- According to Lemma 
show that for each pi S I, there is a cycle Cj in T{G, X U %) of length at most where K is 
a constant which depends on A, c, and the hyperbolicity constant 5 of the graph r(G, X U %) 
only, such that pi is an isolated component of Cj. We will show that 

K = im{\e + c + e) 

works. There are 4 cases to consider. 

Case 1. Suppose (1-^ = 4. Then the assertion of the lemma is obvious. Indeed 1{V) = A < K 
as each pi £ I has lengths 1, and we can set Ci = V for all i. 

Case 2. Suppose jj/ = 3, say / = {pi,P2,P3}- Since pi is (A, c) -quasi-geodesic, we have 

i{P4:) < ^dxuH{xA,xi) + c < 3A + c 

by the triangle inequality. Hence £(V) <3X + c + 3<K and we can set Ci = V again. 

Case 3. Assume now that jjl = 2. Up to enumeration of the sides, there are two possibilities 
to consider. 

a) First suppose / = {pi,P2}- If dxuui^Si ^4) < ^ + 2, we have 
Kps) < >^dxun{x3, X4) + c< X{e + 2) + c, 

^{pa) < XdxunixA, xi) + c < 

HdxuHixi,X2) + dxuH{x2,X3) + dxun{x3,XA)) + c < 
A(l + l + ^ + 2)+c< A(6' + 4) + c, 



33 



and hence 

e{v) < 2 + £{ps) + e{p3) < x{2e + q) + 2c + 2<k. 

Thus we may assume (^xuni^z-, ^i) > + 2. Let u be a vertex on p^, such that dxuni^s^ = 
6 + 2. By Lemma 4.15| there exists a vertex v G pi Up2 Up4 such that d^uwl^i^) ^ ^- Note 



that, if fact, f G P4. Indeed otherwise v = X2 ov v = and we have 

<dxuHix3,u) < dxuHix3,v) + dxuHiu,v) <l + 

that contradicts the choice of u. 

Let r be a geodesic path in T{G, X U %) connecting u to v. We wish to show that no 
component of r is connected to pi or p2. Indeed suppose that a component s of r is connected 
to pi or p2 (Figj4]). Then dxu'H(^2 5 S-) < 1 and we obtain 

dxuw(^i,a:3) < dxvjuiu, s^) + dxvjv.{s-,X2) + dxvjv.{x2,x-i) < 
{9-1) + 1 + 1 = 9 + 1. 

This contradicts the choice of u again. Note also that pi, p2 can not be connected to a 
component of p3 or p4 as pi, p2 are isolated components in V. Therefore pi and p2 are isolated 
components of the cycle 

c = piP2[x3,u]r[v,xi], 

where [x3,n] and are segments of p3 and p4 respectively. Using the triangle inequality, 

it is easy to check that ({[v, xi]) < X{29 + 4) and £{c) < X{39 + 6) + 2c + 9 + 2 < K. 

b) Let / = {pi,P3}. If dxuH{x2, X3) < 26 + 2, we obtain i{V) < K arguing as in the 
previous case. Now assume that dxu'H(^2, 2:3) > 20 + 2. Let ui (respectively U2) be the vertex 



on p2 such that dx 0^(2^2, "Wi) = 9+1 (respectively dxu'wC^^S; ^2) = 9+1). By Lemma 4.15 there 
exist vertices vi,V2 on pi Up3 Up4 such that dxyj-uiviiUi) < 9, i = 1,2. In fact, vi,V2 belong 
to p4 (Figj4]). Indeed the reader can easily check that the assumption vi = X2 (respectively 
vi = X3) leads to the inequality dxu'H (^2 j ^^i ) ^ ^ (respectively dxun{x2, X3) < 26* + 1). In 
both cases we get a contradiction. Hence vi £ p4 and similarly V2 G Pa- 

Let ri, i = 1, 2, be a geodesic path in T{G, X WH) connecting m to Vi. We set 

ci = pi[x2,ui]ri[vi,xi] 

and 



C3 



P3[xA,V2]r2^[u2,X3]. 



Arguing as in Case 3a) we can easily show that pi is an isolated component of Cj and i{ci) < K 
for i = 1,2. 

Case 4. Finally assume jjl = 1. To be definite, let I = {pi}. If dx\j'H{x2-,X3) < 9 + 1 and 
dxvj'hixA-.xi) < 9 + 1, -we obtain 1{'P) < K as in the previous cases. Thus, changing the 
enumeration of the sides if necessary, we may assume that dxvjH{x2-,X3) > 9 + 1. Let m be a 
point on p2 such that dx\j'H{x2,y) = 9 + 1, v & point on pi Up3Up4 such that dxvj'ui'^-, v) < 9, r 
a geodesic path in T{G, XUTi) connecting u to v. As above it is easy to show that v G P3UP4. 
Let us consider two possibilities (see Fig. 
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Figure 5: Cases 4 a), bl), and b2). 

a) V £ p4. Using the same arguments as in Cases 2 and 3 the reader can easily prove that 
pi is an isolated component of the cycle 

c = pi[x2,u\r[v,xi]. (18) 

It is easy to show that i{c) < K. 

b) V E p3. Here there are 2 cases again, 
bl) If dxuuixijXi) < ^ + 1, then we set 

c = pi[x2,u\r[v,X4]p4. 

The standard arguments show that £{c) < K and pi is isolated in c. 

b2) dLxuni^i^X/C) > ^ + 1. Let u; be a vertex on p^ such that dx\jH{xi.,w) = 9 + 1, z & 
vertex on p\ Up2 Upa such that dxyj-ui^iw) < 0. Again, in fact, our assumptions imply that 
z £ P2 Up3. z £ p2, the lemma can be proved by repeating the arguments from the case 4a) 
(after changing enumeration of the sides). If z G ps, we set 

c = pi[x2,u]r[v,z]s[w,xi], 

where s is a geodesic in T{G, X WH) connecting z to w. It is straightforward to check that pi 
is an isolated component of c and £{c) < K. We leave details to the reader. 

□ 
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Figure 6: 



Lemma 4.17. For any n > 4, we have 

sx,cin) < ra(sA,c(n - 1) + SA,c(4)). (19) 

Proof. We proceed by induction on n. The case n = 4 is obvious, so we assume that n > 5. 
Let (V,I) £ Qx,cin'), Pi G /, and let g be a geodesic in T{G,X U V.) connecting Xi to Xi+3 
(indices are taken modn). If is isolated in the cycle PiPi+iPi+2<l^^ ■, we have l{pi) < sa,c(4). 
Assume now that the component pi is not isolated in the cycle piPiJ^ipiJ^2<l~^ ■ As pi is isolated 
in V, this means that pi is connected to a component s of q. Hence (^xuni^i-, *+) ^ 1- Since (? 
is geodesic in r(G, X U "H), this implies s_ = Xi (see Fig. [6]). 

Let q = ss' and let e denote a paths in T{G,X U ^) of lengths at most 1 such that 
e_ = e+ = s+, and (/?(e) is a word in %. We notice that if e is nontrivial, it is an isolated 
component of the cycle r = |?j+ipj+2('S')^^- Indeed if e is connected to a component of pi+i 
or then is not isolated in p, and if e is connected to a component of s', then q is not 
geodesic. Similarly s is an isolated component of . . .pi-iss' . Hence l{s) < s\^c{'n — 1) by 
the inductive assumption and l{e) < sa,c(4). Therefore we have i{pi) < sa,c(4) + sx^dn — !)• 



Repeating these arguments for all pi G /, we get (19). □ 



Corollary 4.18. sx,c{n) is finite for any n. 

The proof of the next lemma is a calculus exercise. We do not copy it and refer the reader 
to |105| Lemma 3.6]. 

Lemma 4.19. Let / : N — t- N. Suppose that there exist constants C,N > 0, and a € (0,1) 
such that for any n £ N, n > N , there are ni, . . . , G N satisfying the following conditions: 

a) k < Clnn; 

b) fin)<j:f{ni); 

1=1 

k 

c) n < ^ nj < n + Clnn; 

i=l 

d) Ui < an for any i = 1, . . . ,k. 
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Then f{n) is bounded by a linear function from above. 



The next lemma was proved by Olshanskii [1001 Lemma 23] for geodesic polygons. In [ lOOj . 



the inequality (20) had the form dist{u, v) < 2(5(2 + log2 n). Passing to quasi-geodesic polygons 



we only need to add a constant to the right hand side according to the above-mentioned 
property of quasi-geodesics in hyperbolic spaces. 

Lemma 4.20. For any 5 > 0, A > 1, c > 0, there exists a constant i] = r/(5, A, c) with the 
following property. Let V = pi . . .pn be a {X, c) -quasi-geodesic n-gon in a 6-hyperbolic space. 
Then there are points u and v on sides of V such that 



dist{u, v) < 2(5(2 + log2 n) +r] 



(20) 



and the geodesic segment connecting u to v divides V into an mi-gon and m2-gon such that 
n/4 < mi < 3n/4 + 2. 

Now we are ready to prove the main result of this section. 



Proof of Proposition 4-14 We are going to show that for any fixed A > 1, c > 0, the function 
■sa,c(") satisfies the assumptions of Lemma 4.19 Let {V,I) G Q\c{'^)-, where V = pi . . .pn. 



As in the proof of Lemma 4.16 we may assume that every pi £ I consists of a single edge. 
We also assume n > N, where the constant N is big enough. The exact value of N will be 
specified later. 



Let u, V be the points on V provided by Lemma 4.20 Without loss of generality we may 



assume that v are vertices of r(G, XWH). Further let t denote a geodesic paths in T{G, XWH) 
such that t- 



u, t^ = V. According to Lemma 4.20 



i{t) < 2(5(2 + log2 n) + ry, 



(21) 



where r/ is a constant depending only on 5, A, and c, and t divides V into an rn-i-gon Vi and 
m2-gon 1^2 such that 

nii < 3n/4 + 2 < n (22) 



for i = 1, 2. To be precise we assume that u £ pa, v £ Pj3, and pa 
(yj+ = ip'^). = u, {p')+ = {p'') 



V. Then 



'Pi = PaPa+l 



p'aPa, PP = P'pP'p^ where 



■Pp-ip'pi ^ 



and 



^2 =p"pPp+l ■ ■ .Pa-lP'j- 

(Here and below the indices are taken modulo n.) Since each Pi £ I consists of a single edge, 
one of the paths p'^, p'^ (respectively p'^, p'^) is trivial whenever pa £ I (respectively pjs £ I). 
Hence the set I is naturally divided into two disjoint parts I = Ii \J I2, where li is a subset of 
/ consisting of sides of Pj, i = 1, 2. 

Let us consider the polygon Vi and construct cycles cq, . . . ,Q in T{G,X U V.) as follows. 
If each Pi £ Ii is isolated in Pi, we set / = and cq = Vi. Further suppose this is not so. Let 
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Pi^ £ h, be the first component (say, an ff;)^^ -component) in the sequence pa,Pa+i,- ■ ■ such 
that is not isolated in Vi. As pi^ is isolated in V, this means that pi^ is connected to an 
-component yi of t. Let /i (respectively ei) be an edge in T{G,X U %) labelled by an 
element of \ {1} (or a trivial path) such that (/i)— = (pii)-, (/i)+ = (2/1)- (respectively 
(ei)_ = (pii)+, (ei)+ = (yi)+). We set 

Co =PaPa+l---Pn-l/l[(yi)-,?^], 

where [(yi)_,u] is the segment of t^^ (see Fig. [7]). 

Now we proceed by induction. Suppose that the cycle Ck-i and the corresponding paths 
fk-ii^k-iiUk-iiPik-i have already been constructed. If the sequence pi^_^j^i,pi^_^+2-, ■ ■ ■ con- 
tains no component pi S Ii that is not isolated in Vi, we set I = k, 

Ck = e^j^iPife^i+i • ..pp-ip'p[v, (yfc-i)+], 

where [v, (yfc„i)+] is the segment of and finish the procedure. Otherwise we continue as 
follows. We denote by pi^ the first component in the sequence pi^,_^j^i,pi^_^j^2-, ■ ■ ■ such that 
Pij, G Ii and pi^ is connected to some component of t. Then we construct fk, ek as above 
and set 

Ck = el\pi^_^+i . . .pi^^^ifk[{yk)-, {yk-i)+]- 

Observe that each path pi G Ii is either included in the set Ji = {pi^, . . . or is an isolated 
component of some cj. Indeed a paths pj G /i \ Ji can not be connected to a component of 
t according to our choice of ^ , . . . , p^ . Moreover Pi £ Ii\ Ji can not be connected to some 
fj or Cj since otherwise pi is connected to pi^ that contradicts the assumption that sides from 
the set / are isolated components in V. 

By repeating the "mirror copy" of this algorithm for 1^2, we construct cycles 
q+i, . . . ,Q+m+i, m > 0, the set of components J2 = {pii_^_^ , . . . , Pii^^} C I2, components 
yi+i, yi+rn of t, and edges (or trivial paths) e^+i, . . . , fi+rn, ei+m in r(G, X VAU) such 
that fj (respectively Cj) goes from {pi^)- to {yj)+ (respectively from (pi^)+ to (yj)-) (see Fig. 
[7]) and each path pi G I2 is either included in the set J2 or is an isolated component of cj for 
a certain j G {/ + 1, . . . , / + m + 1}. 

Each of the cycles Cj, < j < / + m + 1, can be regarded as a geodesic nj-gon whose set 
of sides consists of paths of the following five types (up to orientation) : 

(1) Components from the set / \ ( Ji U J2). 

(2) Sides of Vi and V2 that do not belong to the set I. 

(3) Paths fj and Cj, 1 < j < I + m. 

(4) Components 7/1, ... , yi+m 

oft. 

(5) Maximal subpaths of t lying "between" yi, ■ ■ ■ ,yi+m, i-e. those maximal subpaths of t 
that have no common edges with yi, . . . , yi+m- 
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It is straightforward to check that for a given < j < / + m + 1, all sides of Cj of type (1), 
(3), and (4) are isolated components of Cj. Indeed we have already explained that sides of type 
(1) are isolated in Cj. Further, if fj or ej is connected to fk, e^, or for k / j, then pi. is 
connected to pi,, and we get a contradiction. For the same reason fj or ej can not be connected 
to a component of a side of type (2). If fj or ej is connected to a component x of a side of 
type (5), i.e., to a component of t, then yj is connected to x. This contradicts the assumption 
that t is geodesic. Finally yj can not be connected to a component of a side of type (2) since 
otherwise pij is not isolated in V, and yj can not be connected to another component of t as 
notified in the previous sentence. 



Observe that (21) and (22) imply the following estimate of the number of sides of Cj: 



Uj < max{mi,m2} + ^{t) < 3n/4 + 2 + 2(5(log2 n + 2) + r/. 

Assume that is a constant such that 3n/4 + 2 + 25(log2 n + 2) + r] < 4n/5 for all n > N. 
Then for any n > N, we can apply the inductive assumption for the set of components of type 
(1), (3), and (4) in each of the polygons cq, . . . ,Q+m+i. This yields 

l+ni l+m+l 

i{p^) < ^^p^) + E (^(y^-) + ^(^^■) + ^(z^-)) ^ E ^^.-(^^■) 

Further there is a constant C > such that 

m+l+l 

^ Uj <n + 6e{t) <n + 125(log2 n + 2) + 6r]<n + C logj n 

j=0 

and 

m + l + 2< 2£{t) + 2< Clog2n. 



Therefore, for any n > N, the function sx^dn) satisfies the assumptions of Lemma 4.19 for 



k = m + I + 2 and a = 4/5. Thus s{n, A, c) is bounded by a linear function from above. □ 



4.3 Paths with long isolated components 

In this section we prove a technical lemma, which will be used several times in this paper. 
Informally it says the following. Let p be a path in r(G, X U T-L) such that at least each 
other edge is a long (with respect to i) component and no two consecutive components are 
connected. Then p is quasi-geodesic. Further if two such paths are long and close to each 
other, then there are many consecutive components of one of them which are connected to 
consecutive components of the other. For relatively hyperbolic groups, similar lemmas were 
proved in [9l [93] . 

Lemma 4.21. Let G be a group weakly hyperbolic relative to X and {H\}\^{^ and let W be 
the set consisting of all words U in X WH such that: 

(Wi) U contains no subwords of type xy, where x,y £ X. 
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(W2) If U contains a letter h G Hx \ {1} for some A G A, then d\{l,h) > 50D, where 



D = D{1,0) is given by Proposition 4-14 



(W3) Ifhixh2 (respectively, hih2) is a subword ofU , where x £ X, hi £ Hx\{l}, h2 £ H^\{1}, 
then either X ^ fi or the element represented by x inG does not belong to Hx (respectively, 

Then the following hold. 

(a) Every path in T{G^X UH) labelled by a word from W is (4, \)- quasi- geodesic. 

(b) For every e > and every integer K > 0, there exists R = R{e,K) > satisfying 
the following condition. Let p,q be two paths in T{G,X U Ti) such that i(p) > R, 
Lab(p), Lab(g) G W, and p, q are oriented e -close, i.e., 

max{d(p_,g_), d{p+,q+)} < e. 

Then there exists at least K consecutive components of p which are connected to K 
consecutive components of q. 

Proof. Let p be a path in T{G,X U %) such that Lab(p) G W. Then according to (Wi) 
and (W3), p = rQpiri . . .pmrm, where pi's are edges labelled by elements of 7i while r^'s are 
either edges labelled by elements of X or trivial paths. Fm'ther (W3) guarantees that no two 
consecutive components of p are connected. 

We start by showing that all components of p are isolated. Suppose that two Hx- 
components, pi and pj, are connected for some j > i and j — i is minimal possible (Fig. 
[8|. Note that j = i -\- 1 -\- k for some k > 1, as no two consecutive components of p are 
connected. Let t denote the segment of p with t_ = and t+ = {pj)-, and let c be an 

empty path or an edge in r(G, XUTi) labelled by an element of Hx \ {1} such that c_ = {pi)+, 
c+ = (pj)-. Note that the components Pi+i, . . . ,Pi+k are isolated in the cycle tc~^. Indeed 
otherwise we can pass to another pair of connected components with smaller value of j — i. By 



Proposition 4.14 we have 



^'^ip^+l) < Dl{tc-^) < D{2k + A). 



1=1 

Hence i{pi+i) < D{2 + 4:/k) < 6D for some I which contradicts (W2). Thus all components of 
p are isolated. 

To prove (a) we have to show that p is (4, l)-quasi-geodesic. If i{p) = 1, then this is 
obvious, so we assume that £{p) > 1 and hence m > 1. Let w be a geodesic connecting p+ and 
P-. Consider the geodesic (2m + 2)-gon V = pu whose sides are u and edges of p. Let I be 



any subset of components of p that are isolated in V. By Proposition 4.14 we have 



^l{s) < D{2m + 2). 
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Figure 8: 



Since i{s) > 50D for every s £ I by (W2), we have \I\ < (2m + 2)/50 < m/10. Hence at 
least 9m/ 10 components of p are not isolated in "P. As no two distinct components of p are 
connected, these 9m/ 10 components are connected to distinct components of In particular, 

£{u) > 9m/ W > 3m/ A > (2m + l)/4 > £(p)/4. 

As this argument works for any subpath of p as well, p is (4, l)-quasi-geodesic. 

Let us prove (b). Fix e > and an integer K > 0. Let p be as above and let q = 
soQiSi . . . qnSn, where qj's are edges labelled by elements of Ti while Sj's are either edges 
labelled by elements of X or trivial paths. As above, g^-'s are isolated components of q. Since 
p is (4, l)-quasi-geodesics, we can choose R such that 

R>8e + 3 (23) 

and the inequality i{p) > R guarantees the existence of a subpath w p such that 

d{w,p±) > e (24) 

and 

i{w)>AK + £{p)/2. (25) 
Let Q = uipu2q~^ be a loop in T{G, X WH) such that Ui is geodesic and 

i{ui) <£, i = 1,2. (26) 

We can think of Q as a geodesic /c-gon for k = i{p) + i{q) + 2 whose sides are ui,U2 and 
the edges of p and q. Since q is (4, l)-quasi-geodesic, we have £{q) < 4(2e + i{p)) + 1. Hence 



k < 5iip) + 8e + 3 < 6£(j?) by (p3|. Since i{w) > i{p)/2 + 1, w contains at least £(p)/4 
components. Using Proposition 4.14, (W2), and arguing as above, we can show that every set 
/ of isolated components of w satisfies |/| < 6£{p)/50 < £{p)/4: and hence not all components 
of w are isolated in Q. 

Let Pi be an //^-component of w that is not isolated in Q. We can assume that the segment 
V of w starting from {pi)+ and ending at w+ has length at least (^(if) — l)/2. (The case when 
the initial subsegment of w ending at (pi)- has length at least {£{w) — l)/2 is symmetric.) By 



( 26 ) and ( 24 ) , pi can not be connected to a component of ui or U2 ■ Hence pi is connected to 
an f^A-component qj of q. 

Let e be the edge (or the empty path) connecting {qj)+ to {pi)+ and labelled by a letter 
from Hx \ {1}- Note that v has at least 

{£{v) - l)/2 > mw) - l)/2 - l)/2 = {£iw) - 3)/4 > £ip)/8 
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components by (25). We consider the polygon 



Q' = ri+lPi+l . . . rm^iPmrmU2{Sj+iqj+l . . . Sn-iqnSn) ^6, 

where the only side that is not an edge is U2- Clearly the total number of sides of Q' is less 



than k < 6i{p). Again by (W2) and Proposition 4.14 every set / of isolated components of v 
satisfies |/| < 6l{p)/50 < i{p)/8 and therefore not all components of v are isolated in Q' . Let 
Pi+a be an i^^-component of v which is not isolated in Q' and such that a is minimal possible. 
Note that Pi+a can not be connected to e as otherwise it is connected to pi as well, which 
contradicts the fact that all components of p are isolated. Again by (24) and (26), Pi+a can 
not be connected to a component of U2- Hence pi+a is connected to an //^-component qj^i, of 
q. Let / be an edge (or an empty path) connecting {pi^a)- to {qj+b)- and labelled by a letter 
from Hf^ \ {1} (Fig. [o]). Routinely applying Proposition 4.14 to the polygon Q" whose sides 
are e, /, and edges of p (respectively, q) between {pi)+ and (pi+a)- (respectively, {qj)+ and 
(gj+b)_), we conclude that if a > 1, then there is a component Pi+a' of p, < a' < a, which 
is not isolated in Q" . As above pi+a' can not be connected to e or /. Hence it is connected 
to qj+b' for some b' > 0. However this contradicts minimality of a. Hence o = 1 and similarly 
6 = 1. Thus pi-^-l is connected to qj+i- 

Repeating the arguments from the previous paragraph, we can show that components 
Pi,Pi+i, . . . ,pi^K-i are connected to g^, gj+i, . . . , qj+K-i- The key point here is that, for every 
1 < I < K — 2, the segment [{pi+i)+, w+J of p contains at least 

{e{w) -3)/4-l> {i{w) - 4/ - 3)/4 > {£{w) - AK)/A > £{p)/S 

components while at most 6£(p) /50 < l{p) /8 of them are not connected to components of the 
segment [(gj_|_;)+, g+] of q. Thus there exists a component Pi+i+a of [(pj+/)+, w+\ connected to a 
component qj+i+b of [{qj+i)+, g+] and then the same argument as above shows that a = b = 1. 
Thus part (b) is proven. □ 



4.4 Hyperbolically embedded subgroups 

Our next goal is to introduce the notion of a hyperbolically embedded collection of subgroups. 

Definition 4.22 (Strongly bounded presentations). We say that a relative presentation 
^ is strongly bounded if it is bounded and the set of letters from T-L that appear in relators 
R £ TZ is finite. 
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Example 4.23. Let K be the free group with countably infinite basis X = {xi,X2, . . •} and let 
H = (t). The group G = K x H has relative presentation G = {X, H \ IZ) with respect to X 
and where TZ = {[t, x„] = 1 | n = 1, 2, . . .}. This relative presentation is strongly bounded. 
There is another relative presentation {t, K \ IZ) oi G with respect to the generating set {t} 
and the subgroup K. This presentation is bounded but not strongly bounded. 

Theorem 4.24. Let G he a group, {Hx}\^\ a collection of subgroups of G, X a relative 
generating set of G with respect to {i^AjAeA- The following conditions are equivalent. 

a) The Cayley graph T{G, XUl-L) is hyperbolic and for every A G A, the metric space {Hx, dx) 
is locally finite. 

b) There exists a strongly bounded relative presentation of G with respect to X and {Hx}xeK 
with linear relative isoperimetric function. 

Proof. Suppose first that for every A G A, the metric space {Hx,dx) is locally finite. Let 

{X,'H\SVjn) (27) 
be a reduced bounded presentation with linear relative isoperimetric function provided by 



Lemma 4.9 By Remark 4.8 the letters from % that appear in relators R £ TZ have uniformly 



bounded length with respect to d^- Since {Hx,dx) is locally finite, the later condition means 



that the set of letters from l-L that appear in relators R £ TZ is finite. Thus (27) is strongly 
bounded. 



Now suppose that ( 27 ) is a strongly bounded relative presentation of G with respect to X 
and {Hx}xeA with linear relative isoperimetric function. Let Yx C Hx be the subset consisting 
of all letters from Ti that appear in relators R £ TZ. Suppose that dA(l, h) = n < oo ior some 
h G Hx- Let p be a path in T{G, X U H.) of length n such that p- = g, p^ = h, and p contains 
no edges of Th^, h ^ 1. Let e be the edge of T{G,X U Ti) connecting 1 to /i and labeled by 
h G Hx \ {!}• Since p contains no edges of L//^, e is an isolated ffA-component of the cycle 



ep ^. By Lemma 4.10 we obtain 

%. (k) < MCi{ep-^) = MC{n + 1), (28) 



where C is the isoperimetric constant of (|27|) and M = m^||i?||. Since (|27|) is strongly 



bounded, Yx is finite and M < oo. Therefore there are only finitely many h G Hx satisfying 
(28) and thus {Hx,dx) is locally finite. □ 



Definition 4.25. If either of the conditions from Theorem 4.24 holds, we say that the collection 
{i^AlAeA is hyperbolically embedded in G with respect to X and write {Hx}xeA {G,X). 
Further we say that {-f^AlAeA is hyperbolically embedded in G and write {-f^AlAeA G if 
{-f^AlAeA (G, X) for some relative generating set X. 

Remark 4.26. Note that if {Hx}xeK G, then Hx G. Indeed let ^a = U ^ A \ {X}H^. 
Then it follows immediately from the definition that Hx {G, X U Hx) for every A G A. 
However the converse does not hold. For example, let Hi = G = F(x, y) be the free group 
of rank 2 and let H2 = {x). Then has Hi G and H2 G. However {Hi,H2} is not 
hyperbolically embedded in {G,X) for any X as {H2,d2) is always bounded. 
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We record a useful corollary of Theorem 4.24 (cf. Proposition 4.3). 



Corollary 4.27. Let G he a group, {-f^AlAeA o, collection of subgroups of G, Xi,X2 C G 
relative generating sets of G with respect to {Hx}\^\. Suppose that \XiAX2\ < oo. Then 
{Hx}xeA {G,Xi) if and only if{Hx}xeA {G,H2). 

Proof. It is convenient to use the combination of the two definition of hyperbolically embedded 



subgroups from Theorem 4.24 Suppose that {-f^AlAeA We first note that G is 

weakly hyperbolic relative to {-^AlAeA ^iid X2 by Proposition |4.3[ Further observe that if 
{Hx,d-^) is locally finite, where the relative metric d^ on Hx is defined using some subset 
X Q G, then for every Y C X, {Hx,d^) is also locally finite, where d]^ is defined using Y. 
Indeed this follows directly from the definition of the relative metric. Hence it suffices to prove 
that {Hx}xgA {G, X1UX2). Thus without loss of generality, we can assume that Xi C X2. 
By induction, we can further reduce this to the case X2 = Xi U {t}. The proof in this case 
will be done using the isoperimetric characterization of hyperbolically embedded subgroups. 

Let 

G= {Xi,'H\Sun). (29) 

be a strongly bounded relative presentation of G with respect to Xi and {Hx}xeA with relative 
isoperimetric function Cn. Let F be a word in Xi U T-L representing t in G. Then 

G = {X2,'H\Su{nu{tV-^})). (30) 



and it is routine to check that (30) has linear relative isoperimetric function. 



Indeed let be a word in X2 U ?^ of length \\W\\ < n representing 1 in G. Let 

W = Wif^---Wkf'^Wk+i, 
where Wi, . . . , Wk+i do not contain t^^ . Obviously we have W =g U, where 

U = WiV'^ ■■■WkV^'^Wk+i. 



Let Area^Y^ and Arec^f' denote the relative areas with respect to presentations ( 29 ) and ( 30 ) , 
respectively. Obviously 

Area'2^^{W) < Areal^\U) + k<G\\U\\ + k< G\\V\\n + n. 



Thus the relative isoperimetric function of (30) is also linear and hence {i^AlAeA (G, X2). 

□ 



The next result shows that Definition 4.25 indeed generalizes the notion of a relatively 
hyperbolic group. 

Proposition 4.28. Let G he a group, {Hx}xeA o- collection of subgroups ofG. 

a) Suppose that G is hyperholic relative to {Hx}xeA- Then {Hx}xeA {G,X) for some 
(equivalently, any) finite relative generating set X of G. 
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b) Conversely if {Hx}xeA {G,X) for some (equivalently, any) finite relative generating 
set X of G and A is finite, then G is hyperbolic relative to {H\}x(^\. 



Proof. Since every finite relative presentation of is strongly bounded, a) follows immediately 



from Definitions 3.9 and 4.25 Conversely if X and A are finite, then every strongly bounded 
relative presentation of G with respect to X and {H\}\i^\ is finite, and the claim follows from 
the definitions again. □ 

We are now going to discuss some general results about hyperbolically embedded subgroups. 
Our first goal is to prove that many finiteness properties pass from groups to hyperbolically 
embedded subgroups. We will need the following. 

Lemma 4.29. Let G be a group, H a subgroup of G, X a generating set of G. Suppose that 
T{G,X U H) is hyperbolic. Then there is a map r: G ^ H and a constant C > such that 

d{r{f),r{g))<Cdxif,g) (31) 

for every f,g £ G and the restriction of r to H is the identity map. 

Proof. Given g £ G we define r{g) to be the element of H such that 

dxunia, h) = dxunia, H). 

Obviously f{g) = g for every g £ H. 

Assume first that f,g £ G and dxif,g) = 1. Consider a geodesic 4-gon Q in T{G,X U H) 
with consecutive vertices f,g,r(g),r{f) (some sides of Q may be trivial) such that the side 
[/, g] is labelled by some x G X and the side p = ['''{g),r{f)] is labelled by some h £ H. By the 
definition of r, the sides [/, r(/)] and [g,r{g)] intersect H only at r(/) and r{g), respectively. 
Hence p is a component of Q which is not connected to any ff-component of [/, r(/)] or [g, r{g)]. 
Since [/, g] is labelled by some x £ X and thus has no i^-components at all, p is iso lated in Q. 



Hence d(p_,p+) < AD, where D = D{1,0) is the constant from Proposition 4.14 Now (31) 



follows for any f,g £ G and C = AD by the triangle inequality. □ 

The next definition is inspired by 

Definition 4.30. Let S, T be metric spaces. We say that S* is a Lipschitz quasi-retract of T 
if there exists a sequence of Lipschitz maps 

S ^ S 

such that r o i = ids- 

Given a finitely generated group A and a group B, we say that B is a Lipschitz quasi- 
retract of ^ if i? is finitely generated and (S, dy) is a Lipschitz quasi-retract of {A, dx), where 
dx and dy are word metrics corresponding to some finite generating sets X and Y oi A and 
B respectively. (Obviously replacing 'some finite generating sets X and y with 'any finite 
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generating sets X and y leads to an equivalent definition.) We stress that the maps i and r do 
not need to preserve the group structure, so our definition does not imply that B is a, retract 
of A in the group theoretic sense. On the other hand, it is easy to see that if i? is a retract of 
A in the group theoretic sense and A is finitely generated, then i? is a Lipschitz quasi-retract 
of ^. 

Theorem 4.31. Let G he a finitely generated group and let H he a hyperholically embedded 
suhgroup of G. Then H is a Lipschitz quasi-retract of G. 



Proof. Let be a finite generating set of G. Suppose that H {G,X). By Corollary 4.27 
we can assume that Xq C X. Lemma |4.29 easily implied that II is generated by the set 



Y = {yeH\d{l,y)<C]. 

Indeed for any h £ H there is a path q in T{G, XUH) labelled by a word in the alphabet Xq and 
connecting 1 to h. Let Hq = l,hu. . . , hn = hhe the images of consecutive vertices of q under 



the map r provided by Lemma 4.29 Then for 1 < i < n, we have d(l, h^\hi) = d(/ij_i, hi) < C 



by Lemma 4.29 Hence h^\hi G Y and h = (/iq ^hi) ■ ■ ■ (/i„\/in) £ (Y). Thus Y generates H. 



Moreover, our argument shows that for every /i G if, we have 

\h\Y<\h\x. (32) 

Let i: (i/, dy) — )■ {G,dx) be the map induced by the natural embedding H ^ G. Then i 
is Lipschitz by ( |32[ ). Further it is obvious that the composition r oi is identical on H. Since r 
is also Lipschitz, we conclude that (ff, dy) is a Lipschitz quasi-retract of (G,dx)- It remains 
to note that Y is finite since H G. □ 

Note that every Lipschitz quasi-retract in our sense is a quasi-retract in the sense of [1]. 
It was proved in [Ij and [5] that if a finitely generated group H is a quasi-retract of a finitely 
generated group G, then H inherits some finiteness properties and upper bounds on (higher 



dimensional) Dehn functions from G. Combining Theorem 4.31 with these results we obtain 
the following. 

Corollary 4.32. Let G he a finitely generated group and let H be a hyperholically emhedded 
suhgroup of G. Then the following conditions hold. 

(a) H is finitely generated. 

(h) If G is of type Fn for some n > 2, then so is H. Moreover, we have ^ ^g~^ ■ -^'^ 
particular, if G is finitely presented, then so is H and 5h ^ (^g- 

(c) If G is of type FPn, then so is H . 

Let us mention some other elementary results generalizing well-known properties of rela- 
tively hyperbolic groups. These results will be used later in this paper. 

Proposition 4.33. Suppose that a group G is weakly hyperbolic relative to X and {IIx}x£A- 
Then there exists a constant ^ > such that following conditions hold. 
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a) For any distinct A, /i G A, and any g €z G, the intersection H^OH^ has diameter at most 
A with respect to dx. In particular, if {Hx}x,z\ G, then n < oo. 

b) For any A G A and any g € G \ Hx, the intersection n Hx has diameter at most A 
with respect to dx- In particular, if {IIx}x(^h G, then \IIx H < oo. 

Proof. We first prove (a). Consider a shortest word W in the alphabet XU% that represents 
g in G. Assume that W = W1W2, where Wi is the maximal (may be empty) prefix of W 
consisting of letters from Hx \ {!}• Denote by / the element of G represented by W2- It is 
clear that Hf^ = H^. Thus passing from g to f if necessary, we can assume that the first letter 
of W does not belong to Hx \ {I}- 

Let us take an arbitrary element h G H^CiH^ and denote by hi, /12 the letters from 
and H^\{1} that represent elements h^ ^ G Hx and h G -ff^, respectively. Since W~^hiW and 
/i2 represent the same element h, there is a geodesic quadrilateral c = a~^pbq in r{G,X WH), 
where a and b are paths labelled by W, and p,q are edges labelled by hi G Hx \ {1} and 
/i^^ G Hx \ {!}, respectively. Note that p is an isolated component of c. Indeed as X ^ fi, p 
can not be connected to q. Further suppose that a component of a~^ is connected to p. Since 
a is geodesic this component must be the last edge of a~^, which contradicts our assumption 
that the first letter of W does not belong to Hx \ {!}• Hence p can not be connected to a 
component of a. The same argument applies to b. Thus p is isolated in c and £{p) < AL, where 



L is the constant provided by Proposition 4.14 This proves (a) 



The proof of (b) is similar. The only difference is that p can not be connected to q in this 
case since g ^ Hx- □ 

Corollary 4.34. Suppose that G is a group with infinite center. Then G contains no proper 
infinite hyperbolically embedded subgroups. 

The next proposition shows that "being a hyperbolically embedded subgroup" is a transitive 
property. The analogous property of relatively hyperbolic groups can be found in |106j . 

Proposition 4.35. Let G be a group, {Hx}x<^k a finite collection of subgroups of G. Suppose 
that {Hx}xePL G and, for each A G A, there is a collection of subgroups {Kxfi}fieMx of Hx 
such that {Kxf,}^^eMx Hx. Then \J^^^{Kx^j}^^eM^ "^h G. 

Proof. Suppose that {Hx]x&A (G,X) and {Kx^]p,(iM^ {Hx,Yx) for some subsets X 
and Yx- Let Y = IJasA corresponding strongly bounded relative presentations 

with linear relative isoperimetric functions: 



G= (^x,n 

and 




(33) 



Hx = {Yx,{Kxf,}f,^M,\rx)- (34) 
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Here, as usual, % = UasA^-^-** \ {-'-})' ^^^^ '^A is the set of all words in Hx \ {1} representing 1 
in H\. Clearly G can be also represented by the relative presentation 



AeA 



run 



(35) 



where Y = Uapa and V = UapA^a- It is clear that (35) is strongly bounded. To prove the 



proposition it suffices to show that it has linear relative isoperimetric function. We define the 
notions of 5a-, 



TZ-, V\-, and "P-cells in diagrams over (33)-(35) in the obvious way. 
Since A is finite, there exists C > such that f{n) 



Cn is a relative isoperimetric function 
of the presentations (33) and (34) for all A. Let < be the lexicographic order on N x N, that is 



(a, b) < (c, d) if and only if a < c or a = c and b < d. We say that a diagram A over (33) has 



type (a, b) if a and b are the numbers of 7^-cells and 5-cells in A, respectively. Let W be any 
word in X U y U /C, where /C = UasA U/isMA (-^^/^ \ {!}); and suppose that W represents 1 in 
G. Let A be the diagram over (33) of minimal type with dA = W. 



Observe that no two ^A-cells have a common edge in A. Indeed otherwise we could replace 
these two cells with one, which contradicts the minimality of the type of A. Hence every edge 
of in A either belongs to the boundary of A or to the boundary of some 7^-cell. Let E be the 



total number of edges in A. Then E < [GM + 1)||1^|| , where M 



max 



\R\\ 



For every S'a-ccH H in A, there is a diagram over (34) with the same boundary label and 
the number of "PA-cells at most C£(9H). After replacing all S'a-ccHs (for all A) with such 



diagrams, we obtain a diagram A' over (35), where the total number of "P-cells is at most 
GE < G{GM + \)\\W\\. Note that the number of 7^-cells does not change and is at most 
C||ty|| by the minimality of the type of A and the choice of G. Hence the total number of V 
and 7^-cells in A' is at most G{GM + 2 
function. 



\W\ 



Thus (35) has a linear relative isoperimetric 

□ 



The next result shows that the property of being hyperbolically embedded is conjugacy 
invariant. Moreover, we have the following. 

Proposition 4.36. Let G be a group, {Hx}x^\ a collection of subgroups of G, X a subset of 
G such that {Hx}x(^a {G,X). Let t be an arbitrary element of G and let M be any subset 
of K. Then we have {H{}xeM U {i^A}AeA\M {G,X). 



Proof. Let 



and 



n=[_\{Hx\{i}) 



AeA 



n'=(\J{Hi\{i})\ul □ {Hx\{l}) 

\AeM / \AeA\A/ 



By Corollary 4.27 we can assume that t ^ X without loss of generality. 
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Let d\ and (respectively, d';,^) be the metric defined on Hx (respectively, Hj^ for A G M and 
Fa for A G A \ M) using the graph r(G, XUV.) (respectively, r(G, X U V.')). Note that every 
word W in the alphabet X UTi' can be turned into a word in the alphabet X WHhy replacing 
each letter /i* G H^, A G M, with the word t~^ht of length 3, where h G Hx. We will denote 
the resulting word by iriW). Note that W and 7r(VF) represent the same element in the group 
G. 

Let G Hj^ for some A G M. Let p be a in r(G, XU?^') between 1 and the vertex x*. Let q 
be the path connecting 1 and x G Hx with label t7r(Lab(p))t~^. It is straightforward to verify 
that if p does not contain any edges of the subgraph T{Hj^, Hj^\{l}) of r(G, XUV.'), then q does 
not contain any edges of the subgraph r(//A, -f^A\{l}) of r(G, XyH). Since £(g) < 2+3^(p), we 
conclude that dA(l, x) < 3d';^(l, x*) for every x G Hx- Hence local finiteness of {Hx, dx) implies 
local finiteness of (-fT^, d';^) for A G M. Further for A G A\M, the local finiteness of (i?^, d';;^) can 
be obtained in the same way. The only difference is that we have to use the label 7r(Lab(p)) 
instead of tiT{'Lah{p))t~^ in the definition of q. Thus {HjJxeM U {Hx}x(^a\m {G,X) by 
the definition. □ 



4.5 Projection complexes and geometrically separated subgroups 

Our main goal in this section is to propose a general method of constructing hyperbolically 
embedded subgroups in groups acting on hyperbolic spaces. Our approach is based on projec- 
tion complexes introduced by Bestvina, Bromberg, and Fujiwara in [22j. We begin by recalling 
the definitions. 

Definition 4.37. Let Y be a set. Assume that for each F G Y we have a function 

d^: (Y\{y})x(Y\{y})^[0,oo), 

called projection on Y, and a constant ^ > that satisfy the following axioms for all A,B£ 
Y\{Y}: 

(Ai) d^A,B) = d^B,Ay, 

(A2) d^A,B) + d^B,C) > d^{A,C); 

(A3) mm{d^A,B),dl{A,Y)} 

(A4) #{Y\d^{A,B) > e} is finite. 

Let also K he a positive constant. Associated to this data is the projection complex, Vk(^), 
which is a graph constructed as follows. The set of vertices of VkO^) is the set Y itself. To 
describe the set of edges, one first defines a new function dy : (Y\ {Y}) x (Y\ \Y}) — > [0, 00) 
as a small perturbation of dy . The exact definition can be found in [22J and is not essential for 
our goals. The only essential property of dy is the following inequality, which is an immediate 
corollary of |22^ Proposition 2.2]. For every y G Y and every A, B \ we have 

\d'^{A,B)-dY{A,B)\<2t (36) 
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Two vertices A,B & Y are connected by an edge if and only if for every y G Y \ {A, B}, 
the projection dy(A, i?) satisfies dy(yl,-B) < K. Note that this construction strongly depends 
on K and, in general, the complexes corresponding to different K are not quasi-isometric. We 
also remark that if Y is endowed with an action of a group G that preserves projections (i.e., 
d^(y)(c/(A),g(B)) = d^(^,5)), then it extends to an action of G on Pa'(Y). 

The following is the main example (due to Bestvina, Bromberg, and Fujiwara [22]), which 
motivates the terminology. 

Example 4.38. Let G be a discrete group of isometries of M"" and gi, . . . ,gk a finite collection 
of loxodromic elements of G. Denote by Xi the axis of gi and let 

Y = {gX,\geG, i = l,...,k} 

It is easy to check that there exists > such that the projection projyX (i.e. the image 
under the nearest point projection map) of any geodesic X £ Y to any other geodesic Y £ Y 
has diameter bounded by z/. Thus we can define dy(X, Z) to be diam(projy(X U Z)). The 
reader may check that all axioms hold. 

Later on we will apply the above construction in a situation which can be viewed as a 



generalization of Example 4.38 



The following was proved in |22| Lemma 2.4 and Theorem 2.9] under the assumptions of 
Definition [4371 

Proposition 4.39. There exists K > such that Vk(^) is connected and quasi-isometric to 
a tree. 

Given a group G acting on a set S, an element s £ S, and a subset H < G, we define the 
H-orbit of s by 

H{s) = {h{s) \h£H}. 

Definition 4.40. Let G be a group acting on a space (S, d). A collection of subgroups {Hx}\:^a 
of G is called geometrically separated if for every e > and every s £ S, there exists i? > 
such that the following holds. Suppose that for some g £ G and A, ^ G A we have 

diam {H^{s) n {gHx{s))+') > R. (37) 

Then \ = and g £ Hx- 

Informally, the definition says that the orbits of distinct cosets of subgroups from the 
collection {^^aIasA rapidly diverge. In the next section, we will also show that geometric 
separability can be thought of as a generalization of the weak proper discontinuity condition 
introduced by Bestvina and Fujiwara [25j . 

Remark 4.41. Note that in order to prove that {Hx}xeA is geometrically separated it suffices 
to verify that for every e > and some s £ S, there exists R = R{£) > satisfying the 



requirements of the Definition 4.40 Indeed then for every e > and every s' £ S, we can take 



R' = 2R{e + 2d(s, s')) + 4d(s, s'). 
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Figure 10: 

Now if 

di&m{H^{s')n{gHx{s'))+') > R' , 
then there exist hi,h2 G H^^ and ki,k2 G gHx such that 

d{hi{s'),h2{s')) > R'/2 = R{e + 2d(s, s')) + 2d(s, s') 

and d{hi{s'), ki{s')) < e for i = 1, 2 (Fig. [lOj). This imphes 

d(/ii(s), /i2(s)) > d{hi{s'), h2{s')) - d{hi{s'),hi{s)) - d(/i2(s'), h2{s)) > R{e + 2d(s, s')) 

and similarly 

d(/ii(s),fei(s)) < e + 2d(s,s'). 

Therefore, 

diam n {gHxis))^'^^^'^''''^) > R{e + 2d(s, s')), 

which implies A = /i and g E 

The main result of this section is the following. 

Theorem 4.42. Let G be a group, {Hx}x£A O' finite collection of distinct subgroups of G. 
Suppose that the following conditions hold. 

(a) G acts by isometrics on a hyperbolic space {S,d). 

(b) There exists s €z S such that for every A G A, the Hx-orbit of s is quasiconvex in S. 

(c) {Hx}xeA is geometrically separated. 

Then there exists a relative generating set X of G with respect to {Hx}xeK ^''^^ ^ constant 
a > such that the Cayley graph T(G, X WH) is hyperbolic, and for every A G A and h G Hx 
we have 

dx{l,h) > ad{s,h{s)). (38) 
In particular, if every Hx acts on S properly, then {Hx}xeA iG,X). 
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Figure 11: 



Remark 4.43. Note that the assumptions of the theorem imply that each Hx acts properly and 
coboundedly on a hyperbolic space, namely on a suitable neighborhood of the orbit Hx{s). This 



implies that Hx is hyperbolic. Thus all applications of Theorem 4.42 lead to hyperbolically 
embedded families of hyperbolic subgroups. 



Note that if di&m{Hx{s)) < oo for some A S A, then the inequality (38) holds for a = 
l/diam{Hx{s)) for any generating set X. (In particular, if diam{Hx{s)) < oo for all A E A, 
then we can take X = G.) Thus it suffices to prove the theorem assuming that 

dia.ra{Hx{s)) = oo (39) 

for ah A G A. 

We present the proof as a sequence of lemmas. Throughout the rest of the section we work 



under the assumptions of Theorem 4.42, We also assume (39). 

Let us first introduce some auxiliary notation. Let (5 > be a hyperbolicity constant of S. 
Given a point a £ S and a subset y C 5, we define the projection of a to y by 

proj^(a) = {yeY\ d(a, y) < d{a, Y) + 6}. (40) 

Further, given two subsets A,Y O S, we define 

projy(yl) = {projy(a)|a G A}. 

The proof of following lemma is a standard exercise in hyperbolic geometry. 

Lemma 4.44. Suppose that Y is a a-quasiconvex subset of S. Then for every a ^ S, we have 
diam(projy (a)) < 65 + 2a. 

Proof. Let x,y G projy (a), let z be the point of the geodesic segment [x, y] such that d(z, zi) = 
d{z,Z2) < 5 for some zi S [a,x] and Z2 G [a,y], and let w be a point from Y such that 
d{z, w) < a (Fig. [IT| ). By the definition of projy (a), we have d{zi, x) < d{zi,w) + 6 < 26 + a. 
Hence d(x, z) < d(x, zi) + d(zi, z) < 35 + a and similarly for d{y, z). □ 



53 



We define Y to be the set of orbits of all cosets of -^a's- That is, let 

Y = {gHx{s) \XeA, geG}. 
In what follows the following observation will be used without any references. 
Lemma 4.45. Suppose that for some f,g£Gwe have gHx(s) = fH^{s). Then gHx = fHfi- 

Proof. If gHx{s) = fH^{s), then f~^gHx{s) = H^{s). Now the geometric separability condi- 
tion together with (39) imply that A = and f~^g S Hx, hence the claim. □ 



Recall that |A| < oo in Theorem 4.42 Let us denote by cr a common quasiconvexity 
constant of all Hx{s), A € A. Thus all subsets Y of S are cr-quasiconvex. 

Lemma 4.46. There exists a constant v such that for any distinct A, B ^ Y we have 

diam(proj5(A)) < u. (41) 

Proof. Let 

e = 136 + 2a 



and let R = R{e) be the constant given by Definition 4.40 Let 

c = max{i? + 2a, 306 + a}. 



We will how that (41 ) is satisfied for u = 4000c. 

Indeed let ai,a2 G A and let bi £ proj^(ai), 62 G pi'oj^(a2) and suppose that d(6i,62) > 
4000c. Note that by our definition of projections, we have 



d{ai,bi) < d{ai,B)+S, i = 1,2. 



(42) 



By Lemma [3.2| applied to the geodesic 4-gon with consecutive vertices ai,a2,b2,bi, there is 
a subsegment u of the geodesic segment [61,^2] and a subsegment v of one of the geodesic 
segments [ai,6i], [01,02], [02,62] such that iiim{£{u), i{v)} > c and u,v are 13(5-close. 

It easily follows from our definition of projections that v can not belong to [oi, bi] or [02, 62]- 
Indeed if v is an (oriented) subsegment of [oj, bi] for some i G {1,2}, then 



while 



d{ai,B) < d{ai,v-) +d{v-,u) + d{u,B) < d(ai,v_) + 136 + a, 
d(ai, 61) > d(ai, w-) + £{v) > d(ai, w_) + 306 + a. 



This contradicts (42). Hence v is a subsegment of [01,02] (Fig. 12). 
Since A and B are a -quasiconvex, we obtain 

diam {B D > £{u) -2a>c-2a>R. 

By the geometric separability condition, this inequality implies A = B. A contradiction. □ 
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Figure 12: 




Figure 13: 



Let us now define, for any Y £Y and A, B £ Y \ {Y}, 

dy(A, B) = diam(projy(yl) U projy(5)). 



The quantity dy is finite by Lemma 4.46 



Lemma 4.47. The functions dy satisfy axioms (Ai)-(Ai) from Definition 4-3'} 



Proof. Axioms (Ai) and (A2) obviously liold. The nontrivial part of the proof is to verify (A3) 
and (A4). 



Let us start with (A3). Let e, R, and c be as in the proof of Lemma 4.46 We will show 



that (A3) hold for any ^ > 6000c + 2z/, where u is given by Lemma 4.46 Indeed suppose that 
dy (A, B) > ^. Let a^A, b£B,x,y£Yhe points such that 



d(a, x) < d{A, Y) + 6, d(6, y) < d{B, Y) + 5. 



(43) 
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Figure 14: 



In particular, x £ projy(a), y S projy(6), and hence 

d{x,y) > dY{A,B) - diam(projyA) - diam(projyi?) > ^ - 2u > 6000c. 



By Lemma 4.46| it suffices to sliow that for any a' G A and any b' E proj^(o'), we have 

d(6',&) < 6000c. (44) 



Consider the geodesic hexagon P with consecutive vertices a' ,a,x,y,b,b' (Fig. 13). By 



Lemma 3.2, there exists a subsegment u of [x, y] and a subsegment v of one of the other 5 sides 



of P such that u and v are 13(5-close and mm{i{u) , i{v)} > c. As in the proof of Lemma 4.46 
we can show that v can not be a subsegment of [x, a] or [y, b] and v can not be a subsegment 
of [a, a'] or [b, b'] by the geometric separability condition as ^ 7^ y and B ^ Y. Hence u is a 
subsegment of [a',b']. For definiteness, assume that d(u+,u+) < 136. 

We now consider the geodesic pentagon Q with consecutive vertices u+,v+,b' ,b,y. If 



d(6, b') > 5000c, then applying Lemma 3.2 we obtain 135-close subsegments w and t of [b, b'] 
and one of the other 4 sides of Q, respectively, which have length at least c > 306. This leads 
to a contradiction since t can not be a subsegment of [?;+,tt+] as d(v+,n+) < 136, and t can 
not be a subsegment of the other 3 sides for the same reasons as above. Hence d{b, b') < 5000c. 
In particular, ( |44[ ) holds. This completes the proof of (A3). 

To verify (A4), we take 

e = 266 + 2a 

and modify R = i?(e) and 

c = max{i? + 2a, 306 + a} 
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accordingly. Again we will prove (A4) for any ^ > 6000c + 2z^. Fix any a' €z A and any 
b' G proi^{a'). As above if dY{A,B) > ^, then for any a £ A, b £ B, x £ projy(a), 
y G projy(6) we have d{x,y) > 6000c. Consider the geodesic 6-gon with consecutive vertices 
a, a' , 6', b, y, x (Fig. 14). Arguing as in the prof of (A3) we can find subsegments u of [x, y] and 
V of [a',b'] such that u and v are 13(5-close and mm{£{u), i{v)} > c. Note that Y is uniquely 
defined by the subsegment v. Indeed if for some Y' G Y and x',y' G Y' , we also have a 
subsegment u' of [x' , y'], which is 13(5-close to v, then u and u' are 265-close. Hence Y = Y' hy 
the geometric separability condition as in the proof of Lemma 4.46 Thus the number of y's 



satisfying the inequality in (A4) is bounded by the number of subsegments of [a', b'], which is 
finite. □ 



Let VkO^) be the projection complex associated to the set Y and the family of projections 
defined above. We will denote by dp the combinatorial metric on VkC^)- Our definition of 
projections is G-equivariant and hence the (cofinite) action of the group G on Y extends to a 
(cobounded) action on VkO^)- Let A = {1, . . . , k} and let 

S = {Sl, . . . , Syfc} C Y, 

where sx = Hx{s). 

Our next goal is to construct a special generating set of G. We proceed as follows. For 
every A G A and every edge e G Star(sA) going from sx to another vertex v = gH^{s) = g{sp), 
we choose any element Xe G HxgH^ such that 

d(s, xe{s)) < inf{d(s, y{s)) \ y G HxgH^} + 6. (45) 

We will say that Xf, has type (A,/x). 

Remark 4.48. Note that for every Xe as above there is an edge in VkO^) going from sx to 
Xe{Sfj.). Indeed Xe = ^15^2 for some hi G Hx, h2 G H^, hence 

dv{sx,XeS^) = d'p{h^^{sx),gh2{Sf,)) = d-pisx, g{Sf,)) = 1. 



For every edge e connecting sx and g{Sfj^), there exists a dual edge, / = g~^{e), connecting 
g^^{sx) and s^. In addition to (45), we can (and will) choose the elements Xg and to be 
mutually inverse. In particular, the following set 



X 



XeJ^l 



e G 1^ Star( 



A=l 



is symmetric (i.e., closed under taking inverses). Let also T-L = [j {Hx \ {I})- 

A=l 



Lemma 4.49. The union X \J% generates G and the Cayley 
isometric to VkC^)- 



r(G, X U Ti) is quasi- 
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Proof. We define a map l: G — )• Y by the rule i{g) = g{si). 
Note that ii Xg G X is of type (A, fi), then we have 

dp(a;e(si),si) < dp(xe(si), Xe(s^)) +dp(xe(s;,),SA) +dp(sA,si) < 2diam(S) + 1 (46) 



(see Remark 4.48). Similarly for every A G A and every h £ H\ we have h{sx) = s\ and hence 
dp(/i(si), si) < dp(/i(si), h{sx)) + dp(sA, si) < 2diam(S). (47) 



Inequalities (46) and (47) can be summarized as d-p(a(si), si) < 2diam(S)+l for any a € XUH. 
This immediately implies 

dr{i{l), L{g)) < (2diam(E) + l)\g\xun- 

Thus the map l is Lipschitz. 

On the other hand, suppose that for some g G G we have d-p(t(l), i{g)) = r. If r = 0, then 
gHi{s) = g{si) = si = Hi{s) and hence g G Hihy Lemma 4.45, In particular, |g|xu'H ^ 1- 
Let now r > and let p be a geodesic in 'Px(Y) connecting si to i{g) = g{si). Let 

vo = si, vi, Vr = gisi) 

be consecutive vertices of p. Suppose that Vi = giHx.{s) = gi{sx- ) for some gi £ G and Aj G A. 
We assume that go = ^ and (7^ = 9- Since gi{s\.) is connected by an edge to gi+i{sxi^-^), the 
vertex is connected to the vertex g^^ gi^i{sxi^i)- This means that g^^gi+i = hiyih'- for 
some Hi £ X and hi G Hx^, K- £ i^A^+i- In particular, \g~^gi+i\xun < 3. Hence 



\9\xun 



n 

i=l 



9i-i9i 



< 

xun *=i 



<3r = 3d(.(l),i(5)). 



As VkC^) is connected, we obtain that X U% generates G and t is a quasi-isometric embed- 
ding of (G, I • \xvj'h) into VkO^)- Finally note that the vertex set of Vk(^) is contained in 
(i(G))+'i'^"^(^). Therefore, r(G, Xun)is quasi-isometric to VkO^)- □ 



Note that so far we have not used ( |45[ ). However this condition is essential for the next 
lemma. 

Lemma 4.50. There exists a constant a such that if for some Y £Y and x £ X WH, we have 

diam(projy{s, x(s)}) > a, (48) 
then X G Hx and Y = Hx{s) for some A G A. 



Proof. Let 

a = max{K + 2^, 6a + 195, u}, 



where ^ is the constant from Definition |4.37[ and is given by Lemma 4.46 
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Assume first that x ^ X. Let x be of type (A, /i), i.e., tliere is an edge in Px(Y) connecting 
Hx{s) and xH^{s) (see Remark 4.48). Tliere are three cases to consider. We will arrive at a 
contradiction in each case thus showing that x cannot belong to X. 

Case 1. If Hx{s) ^ xH^{s), then 

diam(projy{s,x(s)}) < d^iHxis), xH^{s)) < dYiHx{s),xH^{s)) + 2( < K + 2^ < a 



by the definition of Vk 0^) and ( 36 ) . This contradicts ( |48| ) . 

Case 2. Further suppose that H\{s) = Y. Let y G projy(x(s)). If d{s,y) < 2a + 76, then 
by Lemma 4.44, we have 

diam(projy{s, x(s)}) < 6cr + 196 < a. 

Thus 

d{s,y) > 2a + 76. 

Consider the geodesic triangle with vertices s, y. Let n be a point on the geodesic segment 
[s, y] such that 

d{u,y) = a + A6 (49) 

and let v € [s,x(s)] U [x[s),y\ be such that d{u,v) < 6. Using the definition of projection and 
pg] ) it is easily to show that, in fact, v S [s,x(s)] (see Fig. [I5| ). Let w ^ Y he such that 
d{u,w) < a. Let h G Hx and z £ G he such that h{s) = w and z{w) = x{s). We obviously 
have X = zht for some t G Stabcis). Note that 

d(s, v) > d{s, u) - 6 > d(s, y) - d{y, u) - 6 > a + 26. 

Hence 

d{s, zht{s)) = d{h{s), zh{s)) = d{w,x{s)) < d{w,v) + d{v,x{s)) = 
d(w, v) + d(s, x(s)) — d(s, u) < d(s, x(s)) — 6. 
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This contradicts (45) as y = h ^zht G Hxx. 

Case 3. The last case when Hx{s) / Y, but xH^{s) = Y can be reduced to the pre- 
vious one by translating everything by x^^. Indeed in this case diam(projy{s, = 
diam(projj:^^(^'){s, x~^ G X as X is symmetric, and x^^ has type A). So the 

same arguments apply. 



Thus if (|48j) holds, then x ^ X, i.e., x e Hx for some A G A. If Hx{s) / Y, then 
diam(projy{s, x(s)}) < < q again by Lemma 4.46 Thus Hx{s) = Y. □ 



Proof of Theorem 4-4^- The Cayley graph T{G,X U T-L) is hyperbolic by Lemma 4.49 and 
Proposition 4.39 It only remains to prove ( |38[ ). 

Let us take h G Hx such that dA(l, h) = r. Let e be the edge in r(G, XlAH) connecting h to 
1 and labelled by . Then by the definition of dA there exists a path p in r(G, XVM-L) of length 
r such that e is an isolated component of the cycle ep in T{G, X U %). Let Lab(p) = xi . . . Xr 
where xi^ . . . ,Xr G X and let 

tiQ = s, vi = xi[s), . . . , = xi . . . = h{s). 

Note that for every i = 1, . . . , r, we have 

diimi{Y)ro]H^{s){vi-i,Vi}) = diam(projy{s, 



where Y = {x\ . . . Xi-i) ^Hx{s). By Lemma 4.50 we have 

diam{pvoiH^{s){vi-i,Vi}) < a 



(50) 



unless Xi G Hx{s) and (xi . . . x. 



Hx{s) = Hx{s), i.e., xi . . . Xi_i G //a- However this would 



mean that e is not isolated in ep. Hence (50) holds for all 1 < i < r and we obtain 



d(s,/i(s)) < diam(projj:^^(^){uo,^^r}) < ^ diam(projj;^^(3){i;i_i, i^J) < 



ar. 



i=l 



□ 



5 Very rotating families 

In the context of relatively hyperbolic groups, an important space to consider is the cone-off of 
a Cayley graph, first used by Farb [56j for this purpose. In this graph, each left coset of each 
parabolic subgroup has diameter 1. One can also use another type of cone-off, by hyperbolic 
horoballs, as in Bowditch's definitions [30]. This time, the left cosets of parabolic subgroups 
still have infinite diameter, but their word metric is exponentially distorted in the new ambient 
metric. There are also mixtures of both choices (see [66] )• In all these spaces, each conjugate of 
a parabolic subgroup fixes a point (usually unique, possibly at infinity for Bowditch's model), 
and the rest of the space "rotates" around this point, under its action. 
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Now consider a group, which possibly is no longer relatively hyperbolic, but with some 
hyperbolically embedded subgroup. When one suitably cones off such a subgroup, one may 
obtain an interesting space, and, would the residual properties of this subgroup allow it, some 



interesting dynamics (see Corollary 6.34 ) . This is captured by the definition of rotating families. 



On the other hand, given a suitable space with a suitable rotating family, one may infer 



that the rotating groups are hyperbolically embedded. This is made precise in Corollary 6.45 

In this section, we first establish a structural result on the group generated by a suitable 
rotating family in the spirit of Greendlinger's lemma. This allows us to show that under 
relevant assumptions, quotienting the space by a rotating family preserves hyperbolicity and 
acylindricity. Finally, we also provide conditions, and constructions in the literature leading 
to such rotating families. 

5.1 Rotating families and windmills 

Recall the definition of rotating families ( |2.10 ), and two important virtues they may have. 



Definition 5.1. (a) (Gromov's rotating families) Let G r> X be an action of a group on a 
metric space. 

A rotating family C = {C,{Gc,c G C}) consists of a subset C C X, and a collection 
{Gc, c G C} of subgroups of G such that 

(a-1) C is G-invariant, 

(a-2) each Gc fixes c, 

(a-3) V5 G GVc G C, Ggc = gGcg-\ 

The set C is called the set of apices of the family, and the groups Gc are called the 
rotation subgroups of the family. 

(b) (Separation) One says that G (or C) is p-separated if any two distinct apices are at 
distance at least p. 

(c) (Very rotating condition) When X is (5-hyperbolic, one says that C is very rotating if, for 
all c e G,g e Gc \ {1}, and all x,y eX with 205 < d{x,c) < 305, and d{gx,y) < 156, 
any geodesic between x and y contains c. 

The very rotating condition can be thought of as follows. Assume that a neighborhood of 
c is a CAT(O) angular sector of infinite angle at c, and that Gc acts by rotation centered at 
c. If the angle or rotation of any non trivial element in c is larger that tt, then any geodesic 
between x and gx (for g G Gc \ {1}, and x in the sector) has to pass through c. If the angle is 
even larger, the very rotating condition holds. 

Depending on the context, it might be more relevant to identify the property of admitting 
such an action, rather than the action itself. This motivates the following definition. 

Definition 5.2. A collection of subgroups {A^'aIasA of a group G is called a-rotating if there 
is a aiJ-separated very rotating family of G on a 5-hyperbolic space, whose rotation subgroups 
are exactly the conjugates of {A^a}aga- 
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It is worth remarking that for most appUcations considered in this paper (including The- 
orem 5.15 Lemma 5.16 Propositions 5.20 5.21 5.22), we only need to consider 10^-rotating 
subgroups. 

The main goal of this section is to prove the analogue of the Greendlinger lemma and show 
that very rotating families can be used to detect a free product structure. Our proof of these 
results follows an argument of Gromov in a CAT(O) setting [63j. Let us briefly sketch the 
argument. 

Start with a point c G C (a center of rotation of a rotation group), and consider a small ball 
around c. Let its radius increase until it almost reaches another point c' G C (by separation, 
it is now a big ball). Unfold by taking the union of all its translates by the action of the 
group generated by Gc and Gc' ■ We see a whole collection of balls, images of the first one by 
complicated elements, words in Gc U Gc', that form a (may be complicated) connected graph, 
by the adjacency relation. Choose two balls in this collection, one image by the other by a 
word w (over Gc^Gc')-, and two points a, b in these balls with h = w{a). The word w naturally 
defines a broken geodesic [a, ci] U [ci, C2] U • • • U [c„, b] where each q G C. For instance, the path 
corresponding to the word w = 51/1192^2 • • ■ gnhn (with gi £ Gc \ {1}, hi G Gc' \ {1}) starts 
from a, goes to ci = gic' = gihic' , then to C2 = gihig2c' = 5i/ii5'2^2c', etc. Each segment 
[cj, Cj+i] (almost) stays in one of our balls. 



This path is a local geodesic because of the "very rotating" condition in Defintion 5.2 whose 
meaning is a "large angle" of rotation. It is therefore close to a global geodesic, and we obtain 
that a global geodesic between a and b must pass close to every cone point ci, . . . , c„. A careful 
look at the very rotating condition then shows that the geodesic cannot avoid these points, 
and therefore our broken geodesic was indeed a geodesic. From that we obtain that the graph 
of balls is a tree of balls, the group generated by Gc U Gc' is a free product of these two groups. 
We need to continue the engulfing process from the "tree of balls" previously obtained (what 
we call a windmill), in a way that eventually exhaust any finite subset of the family C. 

We start with an observation that the local very rotating property gives a global condition: 

Lemma 5.3. Assume that C = {G,{Gc,c G C}) is a very rotating family on a 6-hyperbolic 
space X. 

Consider xi,X2 G X such that there exists qi G [c,Xi] with d{qi,c) > 245 and h £ Gc \ {1}, 
such that d{qi, hq2) < 46. 

Then any geodesic between xi and X2 contains c. In particular, for any choice of geodesies 
[xi,c], [c, X2], their concatenation [xi,c\ U [c, X2] is geodesic. 

Proof. Looking at the (5-thin triangle {c,qi,hq2), we see that the points G [c,qi] at distance 
225 from c satisfy d{q[, hq2) < 6. The fact that C is very rotating implies that every geodesic 
from q[ to q2 contains c. Let [xi, ^2] be any geodesic. Looking at the triangle (c, xi, X2), we see 
that [xi, X2] contains points q'{, (({ at distance at most 5 from g'l, (?2- Note that d(g'/, hc(2) < 35, 
and that 205 < d(c, (7") < 305. By the very rotating hypothesis, [gi,(?2] [a^i)a;2] contains 
c. □ 

One immediately deduces: 
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Corollary 5.4. Under the previous condition, for each c £ C, Gc acts freely and discretely on 
X\B{c,206). 

Given d < 156, let us say that a pair of points {^1,^2} in a geodesic I is a d-shortening 
pair if 405 < d{qi,q2) < 505, and if there exists c S C and h G Gc such that d{qi,hq2) < d 
(note that then h ^ 1). We simply say a shortening pair for a 4(5-shortening pair. By the very 
rotating hypothesis, this implies that c G [(?i,(i'2], and we say that the shortening pair is at c. 
Note that this implies that d{qi, hq2) < d{qi, ^2) — 405 + d, so the image of [qi, ^2] in X/ {Gc) 
is not geodesic. 

Definition 5.5 (Windmill). Let X be a 5-hyperbolic metric space, and C = {C,{Gc,c G C}) 
a /9-separated very rotating family on X. A windmill for C is a subset 1^ of X satisfying the 
following axioms. 



1. is 45-quasiconvex, 

2. n C7 = n C / 0, 

3. the group Gw generated by UceW^nc preserves W, 

4. there exists a subset Sw C W CiG such that Gw is the free product *c£Sw^c- 

5. every elliptic element of Gw lies in some Gc, c G W Ci G, other elements of Gc are 
loxodromic of translation length at least p, have an invariant geodesic line I such that 
I n G contains at least two (7-orbits of points at which there is a shortening pair. 

6. (Qualitative Greendlinger property) for every g G Gw \ 1 and po G X, there is c G GCiW, 
such that either g £ Gc and d{po,c) < 205, or any geodesic \po,gpo] contains c, and 
contains an 85-shortening pair at c. 



Recall that if Q C X, we write Q^^ for the set of points within distance at most r from Q. 

Proposition 5.6 (Growing windmills). Let G act on a 6 -hyperbolic space X, and C = 
{G,{Gc,c G C}) be a very rotating family, with G being at least 1005 -separated. Then for 
any windmill W , there exists a windmill W' containing W~^^^^ , and W^^'^^ D G. 

This proposition should be thought as a step of an iterative procedure in the proof of 
Theorem 15.151 



We now prove Proposition 5.6 (Lemmas from now on to 5.14 are dedicated to this). 

Assume that W+^°^ n C = 0. Then W = W+'^°^ is clearly a windmill with Gw = Gw, 
and we are done. Therefore, we assume that the set Gi = W^^'^^ n C / 0. By Axiom § all 
points of Ci are at distance at least 305 from G, and note that Ci is G^y-invariant. 

For all c G Gi, let c be a closest point to c in W, and [c, c] a geodesic segment. Define 
S = Uceci [c> c], and Wi = WUS. 

Note that Wi n G = {W H G) U Gi as points of G are at distance at least 505 from each 
other, by the separation assumption. The group Gwi generated by {Gc|c G Wi} is the group 
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generated by Gw and by {Gc\c G Ci}. Finally, we define W2 = Gw^Wi and W = W^^°\ 
Note that by construction, Gwi = Gw2 ■ 

By construction, W contains VF^^"*^ and Ci. It remains to check that W is a windmill. 

As C is 1005-separated, d(C \Wi,Wi) > 506. For each c E C \ W2, d{c, W2) = die, gWi) = 
d{g-^c,Wi) for some g E Gw, so ^(0,^2) > 505. It follows that d{W',C\ W) > 406 so W 
satisfies axiom [2] of a windmill. Since W'nC = W2nG, Gw' = Gw2 = Gwi- Axiom [I follows. 

Lemma 5.7. Wi is 66-quasiconvex. 

Proof. Consider xi,X2 E S, and [xi,X2] a geodesic of X joining them. Consider ci,C2 E Ci 
such that for i = 1,2, Xj E [cj,Ci]. Then [xi,X2] is contained in the 2(5-neighborhood of 
[ci, ci] U [ci, C2] U [c2, C2]. Since W is 4(5-quasiconvex, [ci, C2] is contained in the 45- neighborhood 
of W, which proves the Lemma. □ 

Remark 5.8. If cq is some point in Ci, the lemma also applies to W U Uct^cqI^'^]- 

Lemma 5.9. Consider c E Ci and h E Gc\{l}. Let [c,x] and [c,y] be two geodesies. Assume 
that [c, x] eontains a point at distance < 66 from W\ and > 606 from c, and that [c, y] contains 
a point at distance 66 from hWi and > 606 from c. Then [x, c] U [c, y] is geodesic, any geodesic 
joining x to y contains c and a shortening pair at c. 

In particular, Wi U h.Wi is 66-quasiconvex. 



Proof. By assumption there exist x' E [c, x] , at distance > 605 from c, but < 65 from Wi . If x' 
is at distance greater than 65 from W, it is close to a point y' in some segment [c', c'], for an apex 
c' 7^ c, and hyperbolicity in the quadrilateral {x',y',c',c) together with the minimality of the 
distance from y' to c' among points of W, ensures that there is another point in [c, x'] C [c, x] 
at distance at most 65 from c' E W. So we assume that x' is at distance < 65 from W. Choose 
y' E [c, y] similarly so that h~^y' is at distance < 65 from W. 

By hyperbolicity, [c, c] is 25 close to a subsegment of [c, x'], and of [c, h~^y']. Therefore, we 
may choose qi E [c, x'] at distance < 25 from c, and q2 E [c, y'] such that h^^q2 is at distance 



< 25 from c. Since d(c, c) > 305, we may apply Lemma 5.3 to get the first assertion. 



The last assertion follows immediately, taking x E Wi,y E hWi, and using the 65 quasi- 



convexity of Wi (Lemma 5.7). □ 



We now prove that W2 is tree-like. Consider the graph F whose vertices are the images of 
W under Gwi, together with the points of Gwi-Gi. We put an edge between gW and he if 
d{hc, gW) < 505 i.e. if g-^hc eGiUW. 

Let Ci C Ci be a set of representatives of the orbits of the action Gw on Ci (Ci needs 
not be finite). Consider the tree of groups A having a central vertex with vertex group Gw, 
a vertex with vertex group Gc for each c £ Gi, and an edge with trivial edge group joining 
each of these vertices to the central vertex. We take W as the base point for 7ri(A). Let 
(f : TTi (A) — )• Gw2 be the map induced by the inclusions of the vertex groups in Gw2 ■ Let T\ 
be the Bass-Serre tree of this graph of groups, and vw £ (resp. Vc E T\) the vertex fixed 
by W (resp. by Gc for c E Ci). Let / : Ta — )■ F the 99-equivariant map sending g.vw to g.W 



64 



and g.Vc to g.c. Denote by Vw C T\ be the set of vertices of Ta in the orbit of vw, and by Vc 
the vertices in Ta \ Vw, i- e. corresponding to an element of C. Note that Ta is bipartite for 
this partition of vertices. 

We are going to prove that / is an isomorphism of graphs. To each segment [u,v] in Ta, 
we associate a path 7[„^t,] in X, depending on some choices, as foUows. Assume first that 
u,v G Vc- Half of the vertices in [u,v] lie in Vc, denote them hy u = vo,vi, . . . ,Vn = v. Let 
Ci = f{vi) be the element of C corresponding to Vi. We define 7[n,D] as the concatenation of 
some chosen geodesies [cj, Cj+i] in X. liu = gvw or v = g'vw for some g, g' G G-w-^, , still denote 
by vo,vi, . . . ,Vn the vertices of [u, v] CiVc, and choose a point in p G gW at distance > 906 
from C \ gW (resp. p' G g'W). Note that such points exist since W (1 C ^ 9. We then define 
'y[u,v] as the concatenation [p, cq] U J[vo,v„] U [cn,p']- In the degenerate case where u = v G Vw 
we define 7[„^^] = [p,p']. 

Lemma 5.10. For every choice, 'y[u,v] ^■s ^ geodesic in X. 



Proof. By separation of the set of apices, and by quasiconvexity 5.7, we can apply Lemma 5.9 
which asserts that the concatenation of [p, cq] with [co,ci] is geodesic. Applying 5.9 again to 
[p, Co] U [co,ci] and [ci,C2], we get that [p,co] U [co,ci] U [ci,C2] is geodesic. By induction, we 
see that 'y[u,v] is geodesic (whatever the choices). □ 

Lemma 5.11. f : T/^ ^ T is an isomorphism of graphs, and (p : 7ri(A) — )• Gw2 o-n isomor- 
phism. 

Proof. The maps / and (/? are clearly onto. 

Consider u ^ v £ T\, and "y[u,v] a corresponding path. Since "y[u,v] is geodesic, its endpoints 
are distinct (whatever the choices). This implies that / is injective and moreover that for all 
g ^ Gw, gWnW = 

It follows that if is injective: since edge stabilizers are trivial, for any g £ G \ {1} there 
exists a vertex x G Ta such that gx / x. Since / is injective, if{g)f{x) = f{gx) / f{x) so ^p{g) 
is non-trivial. □ 

This establishes that W satisfies axiom |4] of a windmill. 

Lemma 5.12. Let [u^v] he a segment of T\, and let {u,v) = [u,v] \ {u,v}. For all Vc G 
{u,v) n Vc, 7[m.i.] contains a shortening pair at c = f{vc). 

For all w G {u,v) D Vw such that its two neighbors Vci,Vc2 G [u,v] D Vc are in the same 
orbit under the stabilizer of w, then the corresponding subsegment [ci,C2] C 7[u,^] contains a 
shortening pair. 

Proof. Consider Vc G {u,v) CiVc, wi,W2 G Vw be the two neighbors of Vc in [u,v]. Up to 
translation by some element of Gw2, we can assume that wi is the base point vw- Consider 
h £ Gc such that W2 = hwi. Write 7[m,d] as the concatenation [p,c] U [c,p']. Then Lemma 
applies to [p,c\ and h~^[c,p'], so J[u,v] contains a shortening pair at c. 

The second assertion follows from the fact that W satisfies axiom |6] of a windmill. □ 



5.9 
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Lemma 5.13. For all p,p' £ Gv^2.(PFU Ci), any geodesic [p,p'] coincides with some 'y[u,v]- 

Proof. Assume for instance that p £ gW and p' G g'W, the general case being similar. We fix 
some geodesic \p,p'] of X. Let u = g.vw and v = g'vw be the corresponding vertices of T\, and 
consider "y[u,v] = IPj cq] U [cq, ci] . . . , [cn-i, c„] U [c„,p'] corresponding to this choice of p,p' ■ We 



need only to prove that a £ [p,p']- By Lemma 5.12, 'y[u,v] contains a shortening pair {(71,^2} 
at Cj. Since [p,p'] is contained in the 26 neighborhood of ^[u^v]i the very rotating assumption 
implies that \p,p'] contains Ci. □ 

Lemma 5.14. W2 is 66-quasiconvex, and W' is A5-quasiconvex. 

Proof. Given any two points p^p' in Gh/2.(VFU Ci), look at the corresponding vertices u, v in 



T\. By Lemma 5.13, any geodesic joining p to p' coincides with some geodesic 7[u,^]. This 
geodesic is a concatenation of geodesic segments joining two points in a translate of Wi. Since 
Wi is 6J-quasiconvex, 7 lies in the 65- neighborhood of W2. The same argument applies if p or p' 



lies in a translate of a segment [c, c] for some c E Ci. By Lemma 3.4, W' is 45-quasiconvex. □ 



This shows axiom [T| To prove axiom [5j consider g G Gyj/', and look at its action on Ta. 
If it fixes a vertex of Ta, then either g £ Gc for some c G W', or g is contained Gw up to 
conjugacy, and we can conclude using that W is a windmill. If g acts hyperbolically on Ta, 
let [u,gu) be a fundamental domain of its axis for the action of g, with endpoints in Vc- Let 
7[M,gu] be a geodesic of X associated to [u, gu] as above. Then / = g^j[u,gu] is a g(-invariant 
geodesic of X so 5 is loxodromic in X. Moreover, I contains a shortening pair at the image of 
each vertex of Vc. If [u,gu) contains at least 2 points of Vc C Ta, this already gives at least 
two shortening pairs. Otherwise, dT/^{u,gu) = 2, and the midpoint of [u,gu] lies in Vw- Then 
the second assertion of Lemma 5.12| applies, so / contains a shortening pair in the interior of 



[f{u), f{gu)] in addition to the shortening pair at u. This proves axiom [5j 

Let us now prove axiom [6] concerning the qualitative Greendlinger property. Let po £ X, 
and g £ Gy/'- If 5 £ Gc, this is obvious. If 5 € Gw up to conjugacy, this follows from the fact 
that ly is a windmill. So assume that g is hyperbolic in Ta, and / be an invariant geodesic 
as described above. Let pi be a projection of po on Since C satisfies the 100(5-separation 
property, and since I contains shortening pairs at two points not in the same (7-orbit, [pi,*?!?!] 
contains a shortening pair {^1,^2} at distance at least 105 from its endpoints. The projections 
q'i,q'2 of 91,(72 on [po,gpo\ provide a 85-shortening pair for [poi5Po]- 



This concludes the proof of Proposition 5.6 



Our goal is now to prove the following structure theorem. 

Theorem 5.15. Let H he a 100-rotating subgroup of a group G. Then the normal closure 
Rot <\ G of H in G is a free product of a (usually infinite) family of conjugates of H . 

More precisely, let G r\ \ be a group acting on a S -hyperbolic geodesic space, let C C ^ 
be p-separated for p > 1005, and C = {G,{Gc,c £ G}) be a very rotating family. Consider 
Rot = {Gc\c £ G) <\ G. Then the following claims hold. 

(a) There exists a (usually infinite) subset G' C G such that Rot = *c£C'Gc. 
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(b) Every element h in Rot is either in some Gc, or is loxodromic in X, with \ \g\\ > p and 
with an invariant geodesic line I such that I C contains at least two g-orbits of points. 

In fact, we even have a refinement of the last assertion, which is a quaUtative analogue of 
the classical Greendlinger lemma in small cancellation theory. 

Lemma 5.16. (Qualitative Greendlinger lemma) Let \ be a hyperbolic geodesic space, equipped 
with a 1005 -separated very rotating family C = {C,{Gc,c £ C}). Consider Rot = {Gc\c G G) 
as in the theorem. 

If g G Rot is non trivial, then for all po € X , there exists a point c G G such that either 
g £ Gc and d{pQ, c) < 20(5, or the following holds: 

(a) all geodesies from po to gpo contain c, 

(b) there exists h £ Gc and qi,q2 G \poi dPo] o,^ distance 40(5 from each other with d{qi, hq2) < 
8(5. In particular, d{po, hgpo) < d{po,gpo) — 306. 

Remark 5.17. (About terminology) We call the previous lemma "qualitative Greendlinger 
lemma" . Recall that, in the usual small cancellation theory, the Greendlinger lemma guarantees 
that, for a group with a small cancellation presentation, for each word w in the normal subgroup 
generated by the relators, there exists r a conjugate of the relators such that \wr\ < \w\. 



Proof of Theorem 5.15 and Lemma 5.16 using Proposition 5.6. First choose cq G G. Then 



W = {cq} is obviously a windmill. Define inductively W„+i as the windmill obtained from Wn 



using Proposition 5.6 Then Unf^N ~ since Wn+i contains the 10(5-neighborhood of Wn- 
Consider Cq = {cq}, and let Gn+i C Cn Wn+i be such that Gwn+i = Gw„ * {*c&c„+iGc), and 
Coo = Uri>oC„. Since Rot = U„>oGvf„, we have Rot = *c>^CooGc- 

Given any element g G Rot = {Gc\c G C), g lies in some {Gc^ Gc^), so g £ Gwn as soon 



as Wn contains {ci, . . . , c^}. The last statement of Theorem |5. 15 then follows from axiom [s] of 



a windmill. Greendlinger 's Lemma [5. 16| follows from axiom [6) □ 

Corollary 5.18. Rot acts freely and discretely on the complement of the 205 -neighborhood of 
G in X. If h G Rot\{l} and G X are such that d(xo, hxo) < p, then h € Gc for some c € G, 
and either d{xo,c) < 206 ord{c,xo) = d{xo, hxo)/2. 

Proof. The first assertion is obvious. If d(xo,/ixo), then \ \h\\ < d{xo,hxo) < p. By Theorem 



5.15, h £ Gc for some c G C If d{x, c) > 205, the very rotating assumption then implies that 



d(xo, /ixo) = 2d(c, xq). □ 



5.2 Quotient space by a very rotating family, hyperbolicity, isometries, and 
acylindricity 

We now describe the quotient of a space by a very rotating family. 

Let us recall that local hyperbolicity implies global hyperbolicity, as the Cartan-Hadamard 
theorem states. 
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Theorem 5.19. Cartan Hadamard 4-3. 1] For all 5, there exists R = Rch{^) (= lO^Jj 
and 6' = 5c h{^) = 200(5 such that, for all geodesic 6-simply connected space X that is R- 
local 6-hyperbolic (in the sense that all its balls of radius R are 6 -hyperbolic), the space X is 
6' -hyperbolic (globally). 

5-simply connected means that 7ri(X) is the normal closure of free homotopy classes of 
loops of diameter < 6. 

The subscript CH stands for Cartan-Hadamard. 

We now prove the hyperbolicity of the quotient of a hyperbolic space by a separated very 
rotating family. Our arguments follow [49J. 

Proposition 5.20. Let X be a 6-hyperbolic space equipped with a very rotating family, whose 
set of apices is p-separated, for p > 10i?cH(200(5). Let Rot be the group of isometrics generated 
by the rotating family. Then 

(a) X/Rot is A00006 -hyperbolic. 

(b) For all x £X, if x is at distance at least p/5 + 1005 from the apices, the ball B{x, p/10) 
in X isometrically embeds in H/Rot. 

Proof. We are going to prove that H/Rot is p/lO-locally 2005- hyperbolic. In the course of 
the proof of this fact, we will establish and use the second assertion of the Proposition. As 
X is 5-hyperbolic, it is 4J-simply connected, and \/Rot is 100(5-simply connected, as Rot is 
generated by elliptic elements. This allows to apply the Cartan-Hadamard theorem, which 
proves the proposition. 

Denote by (C, (Gc)cec) the rotating family. Consider xq with d{xo,C) > p/5 + 100(5 and 



consider the ball B{xQ,p/5) C X. By the Greendlinger lemma 5.16, B{xQ,p/5) is disjoint from 
its translates by Rot. In particular the quotient map is injective on B{xo, p/5), and therefore 
isometric on B{xo, p/W). This already proves the second assertion. 

Therefore X/i?ot is p/lO-locally hyperbolic on the complement of the p/5 -\- 100(5- 
neighborhood of C. 

Let c be the image of c in X/Rot, and xq with d{xo,c) < p/5 -|- 100(5. It is enough to 
prove hyperbolicity of the ball B{xq, /o/lO). Consider a triangle (x, y, z) in this ball. Note that 
its perimeter is at most 6/0/IO. We claim that any u G [x,y] lies in the 50(5-neighborhood of 
[x,z] U [z,y]. This will imply 200(5-hyperbolicity by [SU Prop 21 p. 41] 

If both X and y are at distance at most 20(5 from c, or if d(n, < 50(5, this simply 

follows from triangular inequality. So assume d(x, c) > 20(5. 

Up to replacing u by some v! G [x, y] at distance < 15(5 from u, we can assume d{u, c) > 6(5, 
and we need to prove the existence of w G [x, z] U [z, y] with d(?D, u) < 356. 

Lift [x,y] as a geodesic [x,y] in X, then [y,z] as a geodesic [y,z], and finally [z,x] as a 
geodesic [2,0;']. If x = x' the claim follows from the hyperbolicity in X. Otherwise, the bound 



on the perimeter of the triangle gives d(x,x') < 6p/10. By Corollary 5.18, x' = gx with 



g G Gc, and by the very rotating hypothesis, any geodesic [x, gx] must contain c. Let u be 
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the lift of u in [x,y]. Hyperbolicity in the quadrilateral {x,y,z,x') ensures that u is 26 close 
to another side. If it is [x,y] or [y,z], we are done. If it is 25 close to w G [a;, 2;'], consider 
v' £ [x,x'] defined by v' = gv or v' = g~^v according to whether v G [c, x] or w G [c, x']. 
Let w G [x,y] U [y,z] U [z,x'] at distance 26 from v' . If w £ [y,z] U we are done, since 

d{u, iv) < d{u, v) + d{g^^v, w) < 45. 

Assume that w G [x,y]. Since [x,y] maps to a geodesic in X/Rot, and since d{u,W) < 
d{u,v) + d{g^^v,w) < 46, d{u,w) < 46. It follows that d{v,gv) < d{u,w) + 46 < 86, so 
d(c, v) < 46 and d(c, u) < 66, a contradiction. □ 

The next result is about isometries produced by the quotient group on the quotient space. 

Proposition 5.21. Let G r\li be a group acting on a 6-hyperbolic geodesic space, and C = 
(C, {Gc, c G C}) be a p-separated very rotating family for p > max{10i?cH(200(5), 10^5}. 

If g £ G/Rot acts elliptically (resp. parabolically) on X/Rot, then g has a preimage in G 
acting elliptically (resp. parabolically) on X. 

Proof. Denote by 5 < 40000(5 the hyperbolicity constant of X/Rot. 

We first claim that if g moves some point x by at most d < 6p/W, and d(x, c) < 2/9/10 for 
some c £ G, then g has an elliptic preimage. 

Indeed, consider x,c G X some preimage of x,c with d(x,c) < 2p/10, and g a preimage of 
g moving x by at most d. Then d{c,gc) < p, and gc = c since C is p-separated. This proves 
the claim. 

Now if g is elliptic in X/Rot, consider x whose orbit under (g) has diameter at most 105. 
Choose X some preimage of x, and g representing g with d{x, gx) < 106. Using the claim 
above, we can assume d{x,C) > 2p/W since 106 is small compared to p/10. Recall that, by 



Proposition 5.20, B(x, p/10) isometrically embeds in X. We claim that the orbit of x under 
g has diameter at most 105, proving ellipticity of g. If not, let i be the smallest integer with 
d{x,g'^x) > 106. Note that g^x lies in B{x,p/10) since d{x,g^x) < d{x, g^~^ ,x) + d{x,gx) < 
206 < p/10. Since B{x, p/10) isometrically embeds in H/Rot, this is a contradiction. 

Recall that [g] denotes minx d{x, gx). If g is parabolic in X/iiot, no g representing it 
can be elliptic. Let g £ G representing g and moving some point by at most 105. Assume 
that g i loxodromic, and consider n such that [5"] > 1005, and x G X minimizing d(x,5"x). 
Then / = (5i").[x, ^"x] is a 1005-local geodesic ([HI 2.3.5]). Note that g moves points of / 
by [g] < 105. It follows that / stays at distance > 2p/10 from G by the initial claim. In 
particular, any ball of radius p/10 centered at a point of I isometrically embed in \/Rot. Since 
p/10 > 1005, it follows that the image I of / in X/i?ot is a ^"-invariant 1005-local geodesic. 
It follows that I is quasi- isometrically embedded in X/i?ot and that g acts loxodromically on 
X/i?oi, a contradiction. 

□ 

We conclude on the acylindricity of the action of the quotient group on the quotient space, 
under some properness assumption for the action of a rotation group on the link of its apex. 



69 



Proposition 5.22. Let \ be a 5 -hyperbolic space, G a group acting on X, and (C, {Gc, c € C}) 
a p-separated very rotating family, for some p > max{10i?cH(200(^), 10''(5}. Let Rot <l G the 
group of isometrics generated by the rotating family. 

Assume moreover that there exists K gN such that for all c E C, and for all x at distance 
505 from c, the set of g € G fixing c and moving x by at most lOS has at most K elements. 

If G r\\ is acylindrical, then so is G/Rot r\ \/Rot. 

Proof. Let us recall some orders of magnitude. Denote hy 6 = 4000(5 the hyperbolicity constant 
oiH/Rot. Acylindricity in X gives us -Rq > and A'^o such that for all a, 6 € X with d(a, b) > Rq, 
there are at most A'^o elements g G G moving a and b by at most 1105. Then we have 6 6 <^ p 
and we have no control on Rq so one could have Rq » p. 

Let a,b G H/Rot with d(a, 6) > Rq + P- Let g € G/Rot that moves a and b by at most 
100(5 = 4.10^(5. Moving a,b inwards, we can assume that a and b are at distance at least p/W 
from C. Note that the new points a, b satisfy d(a, b) > Rq + p — 4:p/W > Rq, and are moved 
by at most 110(5 by g. 

Lift the geodesic [a,b] to a geodesic [a, 6] of X with d(a,6) = d(a,b). Choose a lift g of g 
with d{b,gb) < 110(5. Choose r G Rot such that d{ra,ga) = d{a,ga). If r is trivial, we can use 
acylindricity in X to bound the number of possible g. 

Otherwise, by the Greendlinger Lemma, there exists c E C and h £ Gc, and qi,q2 G [a, ra] 
at distance 40(5 from each other with d(gi,/i(?2) < 8(5. Since a,b,ra are far from cone points, 
c is p/lO-far from a,ra,b. On the other hand, d{ra, ga),d{b, gb) < 110(5 < p/10. Looking at 
the pentagon (a, b, gb, ga, ra), we see that there are c', q'i,q2 S [a, b] U [6, gb] U [gio, (7^] U [ra, ga] 
with d(c,c'),d(gi,gi)>d(g2,g2) < 35. Since d(6, C) > p/10, and d{b,gb) < 1105 < p/10, c' , 
qi,q2 cannot lie in [b,gb], nor in [ga,ra] for similar reasons. By minimality of lengths in the 
quotient, [a, b] cannot contain both q[ and q2, and neither can [ga, gb]. So we can assume that 
q'l £ [a,b] and q2 £ [ga,gb]. Let £ [b,ga] at distance 6 from 

Let p £ [a, b] be the center of the triangle (a, b, ga). One has d{c,p) < 1005 since d(c, qi) < 
405, and d(p, [(7'i,92]) — ^- Looking at the quadrilateral {a,b, gb, ga), one sees that d{p,gp) < 
d{b,gb) + 105 < p/10, so d{c,gc) < p/10 + 2005 < 2p/10. It follows that g fixes c. Since 
d{b,gb) < 1105 << d(c, 6), 5 moves the point at distance 255 from c on [c,b] by at most 
5. By hypothesis, given c, there are at most K such elements gf. Since there are at most 
{Rq + p)/{p — 2005) elements of G at distance < 1005 from [a,b], this bounds the number of 
possible elements g with r 7^ 1. 

□ 

5.3 Hyperbolic cone-off 

In this section, we recall the cone-off construction of a hyperbolic space developed by Gromov, 
Delzant, and Coulon |45J. This will be our main source of examples of spaces equipped with 
rotating families. 

We first collect a few universal constants that will be useful later. 
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Let Ru = Rcn{<i), 6u = '^ch(3) = 600 be the constants given by the Cartan-Hadamard 
theorem so that any i2[/-locally 3-hyperbohc space is globahy (5^-hyperbohc. 

Let also RcHi^OSfj) > iicH(3) be given by the Cartan-Hadamard theorem for 6 = 505u- 

FinaUy, let us fix once and for all ru > max{10i?cH(3), lOiicH (50(5(7 ), W^Sjj}. 

Given a metric space Y and ro > 0, define its hyperbolic cone of radius ro, denoted by 
Cone{Y,rQ), as the space Y x [0,ro]/ ~ where ~ is the relation collapsing Y x {0} to a point. 
The image of y x {0} in Cone{Y, ro) is called its apex. We endow Cone(Y, ro) with the metric 

d((y, r), (y', r')) = acosh (cosh r cosh r' — cos 9{y, y') sinhr sinhr') 

where 9{y,y') = min(7r, ^^^). 

For example, y is a circle of radius rg in H^, its perimeter is 27rsinh(ro), and Cone(Y, rg) is 
isometric to the disk of radius ro in H^. If is a circle of perimeter 0sinh(ro), then Cone{Y,rQ) 
is a hyperbolic cone of angle at the apex. If y is a line, then Cone(y, ro) is a hyperbolic 
sector of radius ro and of infinite angle, isometric to the completion of the universal cover of 
the hyperbolic disk of radius ro punctured at the origin. We will always take ro > rjj as defined 
above. 

The radial projection is the map pY defined on the complement of the apex in Cone(Y, ro) 
and mapping (y, r) to y. 

In what follows, we are going to assume that our initial space y is a metric graph whose 
edges have constant length. This is to ensure that the cone-off is a geodesic space 1^32^ 1.7.19]. 
This is not a restriction because of the following well known fact. 

Lemma 5.23. Let X be a length space and I > 0. Let Tx,i be the metric graph with vertex set 
X, with an edge between x,y if and only if dx{x,y) < /, and where all edges are assigned the 
length I. 

Then the inclusion X C Tx,i is a (1, l)-quasi-isometry: any point ofVx,i is at distance at 
most I from X , and for all x, y G X , 

dx{x,y) < dr^,(x,y) < dx{x,y) +1. 

□ 

Note in particular that if X is 5-hyperbolic, Tx.i is 5 + Z-hyperbolic. 

Proposition 5.24 ( |321 Prop 1.5.10]). For all y £Y, and all r G [0, ro], (y,r) is at distance 
r from the apex; the radial path 7 : [0, ro] — >■ Cone{y, ro) defined by r ^ (y, r) is the unique 
geodesic joining its endpoints. 

Some geodesic joining {y,r) to {y',r') in Cone{Y,ro) goes through the apex if and only if 
9{y,y') ^ TT. Such a geodesic is a concatenation of two radial paths, and there is no other 
geodesic joining these points. 

If r,r' > and 6{y,y') < vr, the radial projection py induces a bijection between the set 
of (unparametrized) geodesies of Cone{Y,ro) joining {y,r) and {y',r') and the set of (un- 
parametrized) geodesies ofY joining y and y' . 

In particular, ifY is geodesic, so is Cone{Y,ro). 
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Recall that Y C X is C-strongly quasiconvex if for any two points x,y G Y, there exists 
x',y' £ Q at distance at most C from x,y and such that every geodesic [x',y'], [x,x'], [y,y'] is 
contained in Y. 

In general, the restriction to Y of the metric dx of X is not a path metric. However, if 
Y is C-strongly quasiconvex, the path metric of Y induced by dx differs from dx by at most 
4C. We will assume that X is a graph with the induced path metric. This will guarantee that 
Y, endowed with the induced path metric is a geodesic space. 

Proposition 5.25 ( |45l Prop. 2.2.3]). Given tq > ru (as defined in the beginning of Section 



5.3), there exists a small 5c > such that the following holds. Let Y he a W6c-strongly 
quasiconvex subset of a geodesic 5c-hyperbolic metric graph X, endowed with the induced path 
metric dy. Then ConeiY^ro) is geodesic and {2>) -hyperbolic. 

Moreover, there exists a constant L{rQ) = ^"^r^^'^'^ such that if (y,ro) and {y',rQ) are at 
distance I < 2ro in Cone{Y,ro), then dy(y, y') < L{ro)l. 

Proof. The cone is geodesic because Y is (it is a graph). Hyperbolicity is proved in j35l Prop 
2.2.3]. 

By |i5, Proposition 2.1.4], the distance I between (y,ro) and {y',ro) satisfies / > ^9{x,y). 
Since 9{x,y) = we get d{x,y) < ^^^^^Mr^^y (x, y), so we can take L(ro) = Zi^lsMz^i). □ 

We now define the cone-off construction on a hyperbolic space along some quasi-convex 
subspace. 

Let X be a geodesic 5-hyperbolic space, and G a group of isometrics of X. Consider Q a 
G-invariant system of 10(^-strongly quasiconvex subsets of X. 

Let us define the cone-off C{X, Q, tq) of X along Q as the space obtained from the disjoint 
union of X and of Cone{Q, ro) for all Q £ Q, and by gluing each Q to Q x {r^} in Gone{Q, tq). 
We endow G{X, Q,rQ) with the induced path metric (in principle a pseudo-metric, but a 
genuine metric at least when X is a graph). 

Given Qi, Q2 G Q define 

A(Qi, Q2) = diam(Q+20<5 ^ g+20<5) ^ ^ ^ |^^| 

and 

A(Q)= sup A(Qi,Q2). 

Note that radial paths in each cone are still geodesic in G{X, Q,rQ). In particular, the 
apices are at distance ro from X . 

Lemma 5.26. 1. Gonsider [x,y] some geodesic of X of length I with endpoints in X. If 
[x, y] does not contain any apex, then the length of its radial projection on X is at most 
L{ro)l. 

2. In particular, if x,y £ Q are such that dx{x,y) > M(ro) with M(ro) = 2L(ro)ro, then 
any geodesic of C{X, Q,ro) joining them contains the apex cq. 
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Proof. The first assertion follows from Proposition 5.25, the second is a consequence. □ 



Theorem 5.27. (Gromov, Delzant-Gromov, Coulon 14 5[ 3.5.2]) 

Given vq > ru, there exists numbers < oo and 5c such that the following holds. 

Let X be a 5c-hyperbolic metric graph (whose edges all have the same length), Q be a system 
of 106c-strongly quasiconvex subsets, with A(Q) < Ac. Then the cone-off C{X, Q,ro) of X 
along Q is geodesic and {rjj /^) -locally {2>) -hyperbolic. 

Proof. The fact that X is geodesic follows from the fact that it is a polyhedral space with 
finitely many shapes isometric to polyhedral subsets of H^, and Theorem of |321 1.7.19]. The 
local hyperbolicity is stated and proved as [Ml Theorem 3.5.2] for the points far from the apices, 
and in the previous proposition for the points close to the apices. See also [49J Theorem 5.2.1], 
and [Ml 6.C, 7.B]. □ 

By hyperbolicity, X is (5c-simply connected. It follows that so is C(X, Q, tq). We can apply 
the Cartan-Hadamard theorem since the cone-off is locally 3-hyperbolic on balls of radius 



fu/^ ^ -Rch(3) (see Section 5.3). Cartan-Hadamard Theorem 5.19 gives global 5u = 600- 
hyperbolicity. 

Using the Cartan-Hadamard theorem, we get 



Corollary 5.28. Under the assumption of Theorem 5.21 , C{X, Q, ro) is 6u-globally hyperbolic. 



In order to make Proposition 5.22 useful in practice, we need to check that acylindricity is 



preserved by taking (suitable) cone-off. 



Proposition 5.29. Let tq > rjj, and A^ < oo and 6c as in Theorem \5.21 . Let X be a 6, 



hyperbolic graph, Q be a system of lQ5c- quasiconvex subsets, with A(Q) < Ac. Gonsider a 
group G acting acylindrically by isometrics on X , and preserving Q. Then the natural action 
of G on X = C{X, Q, ro) is also acylindrical. 



Proof. By Corollary 5.28, X is ^[/-hyperbolic with 6u = (5ch(3) = 600. Recall that ro > 300(5[/. 



Let M(ro) as in Lemma 5.26 



To prove acylindricity of X, it is sufficient to find R',N' such that for all a,b in 
X such that d^(a, ?j) > R' , there are at most N' different elements g oi G such that 
max{d-^(a,5'a),d^(6,5r6)} < 200(5[/. 

By acylindricity of X, there exists R, and N such that, in X, for all a,b ^ X, at dis- 
tance at least R, there are at most elements g oi G satisfying max{djs:(a, 50), dx(&, fifft)} < 
220(5[/L(ro). We will show that one can take R' = R + 4ro and A^' = N. 

Let a,h va. X such that dj5^(a,6) > R' = R + 4ro. First note that by hyperbolicity, if 
(ij^{a,ga) < 2006u and dj^{b,gb) < 2005c/, then for all point in a segment [a, 6], dj^{x,gx) < 
220(5(7 . Therefore, we can assume that a,b £ X C X , dj;^{a,b) > R, and we need to bound the 
set of elements g moving a and b by at most 2205c/. 

Let g be such an element. Since d-^{a,ga) < 2205u < ro, a geodesic [a,ga] in X cannot 
contain an apex. Since a, ga £ X C X , dx{a,ga) < L{ro)d^{a, ga) < 2206uL{ro) by Lemma 
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5.26 Similarly, dx{a,ga) < 2206i/L{rQ). On the other hand, dx(a, 6) > dy{a,b) > R. There 



are at most N such elements g by acylindricity of X, which concludes the proof. □ 

We saw previously that coning off a nice family of quasiconvex subspaces Q provides a 
hyperbolic space. Here, we assume that a group G acts on the space preserves Q, and that to 
each subspace Q G Q is equivariantly assigned a subgroup Gq C G stabilizing Q and with large 
injectivity radius. We conclude that {Gq)q,zq defines a very rotating family on the cone-off. 

Recall that the injectivity radius of a subgroup H d G \s 

injx {H) = ^ inf dx{x,gx). 

If 7^ is a family of subgroups, we define \n.]x{'^) — inf-f/eT^ iiijx(-f^)- 



Proposition 5.30. Let tq > rjj, and Ac, 6c be as in Theorem 5.21, and let inj^ = 4roL(ro 



(where L{rQ) is defined in Proposition 5.25 ). Let X he a 6c-hyperbolic graph, Q a system of 
lQ5c- quasiconvex subsets of X, with A(Q) < Ac. Let X = C(X, Q,ro) be the cone-off of X, 
and G C X be the set of apices. 

Consider a group G acting on X, and preserving Q. For each Q ^ Q, consider a subgroup 
Gq C G stabilizing Q, and such that GgQ = gGQg~^. Assume that each Gq acts on X 
with injectivity radius at least inj^. Then (C, {Gq)q(zq) is a very rotating family on X = 
G{X, Q, ro), and G is 2rQ-separated. 

Remark 5.31. In a rotating family (C, {Gc)cec), the subgroups Gc should be indexed by G. In 
the statement above, we slightly abuse notation using the natural bijection between G and Q. 



Proof. By Corollary 5.28, X is (5t/-hyperbolic. Obviously, {Gq)q(^q is a rotating family, and 
the distance between two distinct apices is at least 2ro, by construction. So we need to check 
that the family is very rotating. 

Consider Q £ Q, and c£ X the corresponding apex. Note that ro > 305i/ so B{c,305i/) is 
contained in a cone. We need the following lemma. 

Lemma 5.32. Let x,y £ X\ {c} at distance < ro from c, and let x, y be their radial projection 
on Q C X. 

If some geodesic [x, y] avoids c, then some geodesic [x, y] avoids c. 

Proof. If d(x, y) < d{x, c) + d(c, y) then the claim is obvious, so assume d(x, y) = d{x, c) + 
d(c, y). Since radial paths are geodesic, we get d(x, y) = d(x, c) + d{y, c) = d(x, x) + d(x, c) + 
d(c, y) + d{y,y) > d{x,x) + d{x,y) + d{y,y). By triangular inequality, this is an equality. 
In particular, for any geodesic [x,y], the concatenation [x,x] • [x,y] • [y,y] is a geodesic. By 
assumption, one of these geodesies avoids c, which proves the claim. □ 

We need to prove that for all g £ Gq \ {!}, and all x £ X with 205 < d^{x,c) < 305, and 
all y £ X with d^{gx, y) < 155u, any geodesic of X between x and y contains c. Look at x, y 
the radial projections of x, y on X, and note that gx is the radial projection of gx. Assume 
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by contradiction that some geodesic [x, y] avoids c. Note that no geodesic [y, gx] can contain 
c by triangular inequahty. 



By Lemma 5.32, there are geodesies [x,y] and \y,gx] avoiding c. By Lemma 5.26, dx{x,y) 
and dx{y,gx) are bounded by M(ro) = 2roL(ro). It follows that injj^(GQ) < 4roL(ro), a 
contradiction. □ 



6 Examples 

6.1 WPD elements and elementary subgroups 

The aim of this section is to show that if a group G acts on hyperbolic space non-elementary 
and the action satisfies a certain weak properness condition, then G contain non-degenerate 
hyperbolically embedded subgroups. The class of such groups includes, for example, all groups 
acting non-elementary and acylindrically on a hyperbolic spaces. More precisely, we recall the 
following definition due to Bestvina and Fujiwara [25]. 

Definition 6.1. Let G be a group acting on a hyperbolic space S, h an element of G. One 
says that h satisfies the weak proper discontinuity condition (or /i is a WPD element) if for 
every e > and every x £ S, there exists = A^(e) such that 

\{g£G\ d{x,g{x)) < e, d{h^ (x) , gh^ (x) < e}\ < oo. (51) 

Remark 6.2. It is easy to see that the WPD property is conjugation invariant. That is, if 
hi = t~^ht for some h,hi,t £ G, then hi satisfies WPD if and only if h does. Also it is clear 
that acylindricity implies WPD for all loxodromic elements. 

Definition 6.3. Given an element h £ G and x G S, consider the bi-infinite path Ix in 
S obtained by connecting consequent points in the orbit . . . , h~^{x),x, h{x), ... by geodesic 
segments so that the segment connecting /i"(x) and h'^~^^{x) is the translation of the segment 
connecting x and h{x) by /i". Clearly Ix is /i-invariant, and if h is loxodromic then Ix is quasi 
geodesic for every x £ S. We call Ix a quasi-geodesic axes of h (based at x). 



For technical reasons (e.g., to deal with involutions in Lemma 6.5 ), we will need the freedom 



of choosing in (51) sufficiently large. More precisely, we will use the following. 



Lemma 6.4. Let G be a group acting on a 6-hyperbolic space S , h £ G a loxodromic WPD 
element. Then for every e > and every x €z S, there exists N £N such that 

\{geG\ dix,gix)) < e d{h^\x),gh^\x) < e}| < oo (52) 

holds for any M > N . 

Proof. Fix e > and x G S. Let I = Ixhe the quasi-geodesic axis of h based at x. Suppose 
that / is (A, c)-quasi-geodesic. Let e' = 2>e + A6 -\- 2x, where x = x(A, c, 5) is given by Lemma 



3lj Let iV = N{e') satisfy 

\{geG\ d{x,g{x)) < e' , d{h^ (x) , gh^ (x) < e'}\ < oo. (53) 
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Let M > N , z = h (x), y = h (x), and let [x,z] be a geodesic segment. By Lemma 3.1 



there exists t G [x,z] such that d{y,t) < x. Note that g{t) belongs to the geodesic segment 



[g{x), g{z)] = g{[x,z]) (Fig. 16). As S is 5-hyperbolic, g{t) is within 26 from the union of 
geodesic segments [g{x),x], [x,z], and [z,g{z)]. Hence there exists a point u £ [x,z] such that 
d{u,g{t)) <26 + e. Since 

d(x, u) > d{g{x),g{t)) - d{x, g{x)) - d{u, g{t)) > d{x, t)-2e- 26 

and [x, z] is geodesic, we obtain 

d{u, t) = d{x, t) - d{x, u) <2e + 26 

and consequently 

d{g{t),t) < d{g{t),u) + d{u, t) < 3e + 4<5. 

This yields 

d{y, g{y)) < d{y, t) + d{t, g{t)) + d{g{t),g{y)) < 3e + 45 + 2x = e'. 



Thus (52) follows from (53). □ 



Bestvina and Fujiwara proved in [25j that for every loxodromic WPD element /i of a group 
G acting on a hyperbolic space, the cyclic subgroup {h) has finite index in the centralizer 
Ccih). (Although the assumptions are stated in a slightly different form there.) We use the 
same idea to prove the following. 

Lemma 6.5. Let G be a group acting on a 6-hyperbolic space S, h £ G a loxodromic WPD 
element. Then h is contained in a unique maximal elementary subgroup of G, denoted E{h). 
Moreover, 

E{h) = {g£G \ dHau{hg{l)) < oo}, 
where I is a quasi- geodesic axis of h in S. 

Proof. It is clear that E{h) is a subgroup. Let E~^{h) consist of all elements of E{h) that 
preserve the orientation of I (i.e., fixe the limit points of / on the boundary). Clearly E^{h) is 
also a subgroup, which has index at most 2 in E(h). 

Let / = Ix be a (A, c)-quasi-geodesic axis of h based at some x £ S. It easily follows from 



Lemma 3.1 that if dnauil, 9(1)) < oo then, in fact, dnauil, 9(1)) < x: = x(A,c). 
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Figure 17: 



Let g € E^{h) and let h^{x) be the point of the (/i)-orbit of x that is closest to g{x). Thus 
(l{g{x) , {x)) is uniformly bounded from above by x plus the diameter of the fundamental 
domain for the action of on L We denote this upper bound by C and let e = C + 6x. Let 

= A^(rE, e) be as in the definition of WPD. 

We note that g^ = h~^g moves x by at most C. Further, let y = {x), let be the 
half-line of I that starts at x and contains y, and let t be the point on / closest to goiu)- In 
particular, d{go{y),t) < x. We can assume that N (and hence d{x,y)) is large enough by 



Lemma 6.4 This guarantees that t € since go fixes the limit points of I on dS. Let ^ be a 
point on such that y and t are located between x and z. Let also y' and t' be points on the 
geodesic segment [x,z] closest to y and t, respectively (Fig. [Tt]). We have 



\d{x,t')-d{x,y)\ = \d{x,t')-d{go{x),go{y))\<d{x,go{x))+d{go{y),t') <C + 2k (54) 
and 

\d{x,y')-d{x,y)\<d{y,y')<x. (55) 



Since [x,z\ is geodesic, (54) and ( |55| ) imply 

d(y',i') < C + 3x. 

Consequently, 

d(y, <7o(y)) < d(y, y') + d{y' , t') + d(t', <7o(y)) < C + 6x = e. 



Thus 50 moves both x and y = {x) by at most e. By WPD (70 belongs to some finite 
set of elements and hence g belongs to a finite set of cosets of {h) in E'^{h). Since g was an 
arbitrary element of E^{h), we have \E(h) : {h)\ < 00. 

To prove that E{g) is maximal, we note that if E is another elementary subgroup containing 
h, then for every g ^ E we have g~^h"'g = h^"' for some n G N, which easily implies that 
dHau{l, g{l)) < 00. Hence g £ E{h) by definition. □ 

Corollary 6.6. Let G he a group acting on a hyperbolic space S , h £ G a loxodromic WPD 
element. Then for every g £ G the following conditions are equivalent. 



77 



(a) geE{h). 

(h) There exists n G N such that g^^h^g = /i^". 

(c) There exist k,m ^ 'L \ {0} such that g~^h^g = /i™. 

Further, we have 

E+{h) = {g £G\3n£N g'^h'^g = h"} = Cdh''). 
for some positive integer r. 

Proof. Since [E{h) : {h)] < oo, there exists n G N such that (/i") < E{h) and the implication 
(a) =^ (b) follows. The implication (b) =^ (c) is obvious as. Further suppose that (c) holds. 
Let I be a quasi-geodesic axes of h. Then h'' preserves the bi-infinite quasi-geodesic g{l). This 



easily implies dnauigi^), < which in turn yields g £ E{h) by Lemma 6.5 Finally we note 
that the statements about E^{h) follow easily from the definition of E^{h) and the fact that 
[E{h) : {h)] < oo. □ 

The next result is part (2) of [25^ Proposition 6]. Note that although in [25^ Proposition 
6] the authors assume that all elements of G satisfy WPD, this condition is only used for the 
element involved in the claim. Note also that the proof of \25\ Proposition 6] works for any 
fixed constant in place of B{X, c, 6). 

Lemma 6.7. Let G be a group acting on a hyperbolic space S , h G G a loxodromic WPD 
element. Then for any constants B,X,c > 0, and any {X,c)- quasi- axes I of h, there exists 
M > with the following property. Let and ti{l), t2{l) be two G -translations of I. Suppose 
that there exist segments pi,p2 of ti{l) andt2{l), respectively, which are oriented B -close, i.e., 

max{d((pi)_, d((pi) + , (gi)+)} < B, 

and have length 

mm{£{pi),£{p2)} > M. 
Then the corresponding conjugates tigt^^ ,t2g2t2^ of g have equal positive powers. 

Recall that two elements g,h of a group G are commensurable if some non-zero powers of 
them are conjugate in G. 

Theorem 6.8. Let G be a group acting on a hyperbolic space {S,d) and let {hi, . . . ,hk} 
be a collection of pairwise non- commensurable loxodromic WPD elements of G. Then 
{E{hi),...,E{hk)}-^h G. 

Proof. Fix any point s of the space S. We will show that the conditions (a)-(c) from Theorem 



4.42 are satisfied. The first condition is a part of our assumption. The second one follows 
immediately from the fact that /ij's are loxodromic and {hi) is of finite index in E{hi). Indeed 
the later condition implies dHau{E{hi){s), {hi){s)) < oo and hence each E(hi){s) is quasi- 
convex. Since each (hi) acts on S properly, so does E{hi). 
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Figure 18: 



It remains to verify the geometric separability condition. Fix any e > 0. Let li be a 
quasi-geodesic axes of hi based at s, i = 1,...,A:. Fix A > 1, c > such that each li is 
(A, c)-quasi-geodesic. Let 

9 = sup{d(x, hi{x)) \ i = 1, . . . , k, x £ k}. 

Since the action of hi on li is cocompact, 6 < oo. Choose a constant M such that the conclusion 
of Lemma 6.7 holds for every hi (with the axis li), and for 

B = 2£ + ip + e, 

where 

p = max{dHau{E{hi){s),li) \ i = I,. . . ,k}. 

Let 

R = M + 2p. 

Suppose that 

diam{E{hi){s) n {gE{hj){s))+') > R 
for some g £ G, i,j £ {1, . . . ,k}. Then 

diam{{li)+P n {g{lj))+'+n > R 

and hence there exist points xi,X2 £ k and 2/1,2/2 £ 9{lj) such that max{d(xi, yi), d(x2, 1/2)} < 
e + 2p and d(xi,X2) > R — 2p = M (Fig. 18). Let / = ghjg~^. Note that for every y £ g{lj), 
we have y = g{x) for some x £ Ij. Thus 

diy, f{y)) < d{g{x),fg{x)) = d{g{x), gh,{x)) = d{x, h,{x)) < 9. 

Hence for m = 1,2 we have 

d{Xm, f{Xm)) < d{Xm, Vm) + d{ym, f {Vm)) + d{f{ym), f{xm)) <2e + 4:p + 9 = B. 



Thus li and f{li) have oriented S-close segments of length at least M. By Lemma 
exist positive integers a,b such that fhff~^ = h\. Hence / £ E{hi) by Corollary 
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implies that hi and hj are commensurable, which means that i = j. Similarly / = ghig £ 
E{hi) implies g £ E[hi). Thus the collection {E{hi)^ . . . ,E{hk)} is geometrically separated. 

□ 

Let us now show how to construct loxodromic WPD elements in weakly relatively hyperbolic 
groups. To state our next result, we will need the following. 

Definition 6.9. Let G be a group, {H\}\^\ a collection of subgroups of G, X a relative 
generating set of G with respect to {-f^AlAeA- Let dA denote the corresponding relative length 
function. Associated to these data we define 



Remark 6.10. In general, o{H\) strongly depends on the choice of X. For instance, \{ H = G 
and X = 0, then o{H) = {1}. On the other hand, if iJ < (X), then o{H) = H. Indeed for 
every h £ H there is an admissible path in T{G, X U T-L) connecting 1 to /i labelled by a word 
in the alphabet X. 

Theorem 6.11. Suppose that a group G is weakly hyperbolic relative to X and {Hx}x(^a- 
Assume that for some A G A the following conditions hold. 

(a) H\ is unbounded with respect to 

(h) There exists an element a £ X such that \H'^ n H\\ < oo. 

Then there exists an element h G Hx such that ah is a loxodromic element satisfying the WPD 
condition with respect to the action of G on r{G,X WH). In particular, {E{ah)} G. 

Moreover, if 

(a') o{H\) is unbounded with respect to dx, 

then for every positive integer k, there are elements hi, . . . ,hk G ^^^a such that ahi, . . . , ahk 
are non- commensurable loxodromic elements satisfying the WPD condition with respect to the 
action of G on T{G, X U T-L). In particular, {E{ahi), . . . , i?(a/ifc)} G. 



o{Hx) = {h£Hx\dx{l,h)<^]. 
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Proof. We first assume that (a') holds. Let us take hi € o{H\) such that 

dA(l,/ii) > 50D, 



(56) 



where D = D{1, 0) is provided by Proposition |4. 14 Since o{Hx) is unbounded with respect to 

(57) 



dA, we can choose, by induction, hi G o{H\) such that 

dA(l, hi) > dA(l, hi^i) + 8D, n = 2,...,k. 



G {1,...,A;} and every integer N ^ 0, the word (ahi)^ satisfies 
Hence every path in T{G, X WH) labelled by {ahi)^ 
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Let fi = ahi. 

Note that for every i 
conditions (Wi)-(W3) from Lemma 
is (4, l)-quasi-geodesic. This means that all /j's are loxodromic. 

Let us verify the WPD condition. Fix i G {1, . . . , A;} and e > 0. Let 

K= \Hxr\Hl\+2 

and let R = R(e,K) be given by Lemma 4.21 Let > R/2 be an integer. Suppose that 
g ^ G moves both 1 and //^ by at most e. Let p be a path in T{G, X U T-L) starting at 1 and 
labelled by (ahi)^ and let q = g{p). Then p and q are oriented e-close. Since £{p) = 2N > R, 
by Lemma |4.21 there exist subpaths piri . . -Pk^k of p and qisi . . . qksr of q such that Vj 
and Sj are edges labelled by a, pj and qj are edges (i?A-components) labelled by /ij, and pj 
is connected to qj, j = 1,. . . ,K. Let ej denote an empty path or an edge in T{G,X U V.) 
connecting {pj)+ to {qj)+ and labelled by an element cj £ H\ \ {1}. Reading labels of the 
loops CjSjqj+ie'^l^p'^l^r^^ (Fig. 19) yields Cj e HxH H'^ ior j = 1, . . . , K - 1. 

1} such that Cjj 



Since K - I = \Hxn H^\ + 1, there exist ji, j2 G {^,-- ■ ,K 



pd-i 



C. 



Let d = \ji — j2|. Again reading the labels of suitable loops it is easy to see that [c, /f ] = 1 
and g = fiCf^ for some integers a,b. By the former equality we can assume that |6| < d < 
K < \Hx n H^\. Since fi is loxodromic, there are only finitely many integers a satisfying 
IfiCfilxun ^ ^ for any fixed b. Hence there are only finitely many choices for g and thus Hi 
satisfies the WPD condition for every i G {1, . . . ,k}. 

It remains to prove that fi and fj are non-commensurable whenever i ^ j- Suppose that 
f^ = {fj'Y for some t e G. Let p be the path in T{G,X U H) starting at 1 and labelled by 
(ahi)"^, and let q be the path starting at and labelled by (a/ij)". Passing to multiples of m 
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and n if necessary, we can assume that \m\, \n\ are sufficiently large. Applying Lemma 4.21 for 
K = 3 and e = |t|xu'H as in the previous paragraph, we can find subpaths pirip2r2P3 oi p and 
QiSiq2S2Q3 of q such that ri, r2, si, S2 are edges labelled by a^^, pi,P2,P3 and qi, q2, qs are edges 
(i^A-components) labelled by hf^ and h^^, respectively, and pn is connected to qn, n = 1,2, 3. 
Let Bn (respectively, gn) denote the edge in T{G,X U V.) or the trivial path connecting {pn)+ 
to {qn)+ (respectively, (pn)- to {qn)-) and labelled by an elements of Hx. Note that g2 is 
an isolated component in the loop g2Si^e^^r2- Indeed otherwise two distinct components of 
p, namely pi ar id p-? , would be connected, which contradicts Lemma 



by Proposition 



4.14 
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Hence ^(52) < 4L> 



Similarly £(62) < 4D. Reading the label of the cycle 529262 ^P2 ^ and 



applying the triangle inequality, we obtain 



|dA(l, hi) - dx{l, h,)\ < £{62) + l{g2) < 8D, 



which contradicts (57). 

Thus fi, ■ ■ ■ , fk are non-commensurable WPD loxodromic elements with respect to the 
action of G on T{G, X U T-L). To complete the proof it remains to apply Theorem |6.8[ 

Finally, if we only have (a), then we choose any h E H\ that satisfies d\{l,h) > 50D (in 
particular, we may have dx{l,h) = 00). Then the same arguments as above show that f = ah 
is a WPD loxodromic element with respect to the action of G on T{G, X U T-L). □ 



We record one corollary of Theorem 6.11 and Proposition 4.33 for the future use. Note the 



the last claim of the corollary follows from the proof of Theorem 6.11| and 



Corollary 6.12. Let G be a group, X Q G, H {G,X) a non-degenerate subgroup. Then 
for every a £ G \ H , there exists h £ H such that ah is loxodromic and satisfies WPD with 
respect to the action on T{G,X U H). 

If, in addition, H is finitely generated, then for every integer k > 0, there exist hi, . . . ,hk G 
H such that ahi, . . . , ahk are non- commensurable, loxodromic, and satisfy WPD. In particular, 
{E{ahi), . . . ,E(ahk)} G. Moreover, if H contains an element h of infinite order, then we 
can choose hi, . . . ,hk to be powers of h. 

Proof. If H is non-degenerate, the local finiteness of H with respect to the metric d implies 
that {H, d) is unbounded. On the other hand \H°' n ff| < 00 for any a G G\H hy Proposition 
4.33[ Thus Theorem 6.11 gives us a loxodromic WPD element of the form ah, where h £ H. 

If H is finitely generated, we can assume that X contains a generating set of H by Corollary 
As we noticed in Remark 6.10 in this case we have o{H) = H. Hence the condition (a') 
from Theorem 6.11 holds and we get what we want again. Finally the fact that /ii, . . . , /i^ can 
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be chosen to be power s pow ers of an element h of infinite order in H follows immediately from 
the proof of Theorem 6.11 since (h) < o{H) and (h) is unbounded with respect to d. □ 



In Section[8]we will prove some general results about the class of groups with hyperbolically 
embedded subgroups. The next corollary shows that this class is closed under taking certain 
subgroups in the following sense. 
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Corollary 6.13. Suppose that a group G contains a non- degenerate hyperbolically embedded 
subgroup H. Let K be a subgroup of G such that \K D H\ = oo and K \ H ^ 0. Then K 
contains a non- degenerate hyperbolically embedded subgroups. 

Proof. Let a £ K \ H . Arguing as in the previous corollary, we can find h £ K D H such that 
ah is a loxodromic WPD element and hence E K, where E = E[ah). E = K, then K 
is elementary and hence every infinite subgroup has finite index in K. In particular, so does 
K D H. Therefore, there is a subgroup N < K Ci H that is normal of finite index in E. For 



every g £ E we have N < n H . By Proposition 4.33 this implies that E = K < H, which 
contradicts our assumption. Hence E is a proper subgroup of K. Since E is infinite, it is 
non-degenerate. □ 

6.2 Hyperbolically embedded virtually free subgroups 

The goal of this section is to prove the following. Many of the ideas used here are due to 
Olshanskii |101j and Minasyan [93] (see also [9]). 

Theorem 6.14. Suppose that a group G contains a non- degenerate hyperbolically embedded 
subgroup. Then the following hold. 

(a) There exists a maximal finite normal subgroup of G, denoted K{G). 

(b) For every infinite subgroup H G, we have K{G) < H. 

(c) For any n £N, there exists a subgroup H < G such that H G and H = Fn x K{G), 
where Fn is a free group of rank n. 

Note that in every group, a maximal finite normal subgroup is unique if exists. Also note 
that claim (c) is, in a sense, the best possible according to (b). The proof will be divided into 
a sequence of lemmas. 



Proof of Theorem 6.14- By Corollary 6.12, we can assume without loss of generality that G 



contains three infinite elementary subgroups Hi , H2 , such that 

{HuH2,Hi}^h {G,X) 

for some X C G. We denote by Cwpd = ^--WPoiG, X, H) the set of all loxodromic elements of 
G satisfying the WPD condition with respect to the action of G on r(G, XL\T-L). By Corollary 



6.12, we have Cwpd / 0- We start by proving parts (a) and (b) of the theorem. 
Let 

K{G)= n E{g). 
g&CwPD 

Lemma 6.15. K{G) is the maximal finite normal subgroup of G. For every infinite subgroup 
H G, we have K{G) < H. 
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Proof. Note first that K{G) is finite. Indeed by Corollary 6.12, there are two elements gi,g2 £ 
CwPD such that {E{gi),E{g2)] G. Then by the definition K{G) < E{gi) n E{g2). The 



later intersection is finite by Proposition 4.33 It is also easy to see that K{G) is normal as the 
action of G by conjugation simply permutes the set {E{g) \ g S CwPoiG)}. Indeed the WPD 
condition is conjugation invariant, and every conjugate of a maximal elementary subgroups is 
also maximal elementary. Finally observe that for every finite normal subgroup N < G and 
every g £ C\ypd{G), there exists positive integer n such that < Gci^g^)- Hence < E[g) 
for every g G Cwpd{G). This implies < K{G) and thus K{G) is maximal. Finally we note 
that for every H < G, a finite index subgroup of H centralizes K{G). This and Proposition 
4.33 imply the second claim of the lemma. □ 



Let 



C 



WPD 



{g^CwPD I E{g)=E+{g)}. 



The proofs of the following three results are similar to proofs of their analogues for relatively 
hyperbolic groups (see [HI I104j ) . 



Lemma 6.16. The set C 



WPD 



contains infinitely many pairwise non- commensurable elements. 



Proof. It suffices to find k non-commensurable elements in C^^p^ for all € N. Let a £ Hi, 
b G H2, be elements satisfying 



min{di(l,a),d2(l,6)} > 50D, 



(58) 



where D = D{1,0) is given by Proposition 4.14 Note that ab ^ H^. Indeed otherwise both a 
and b are labels of isolated components in a loop of length 3 in T{G, X WH), which contradicts 
(58) by Proposition 4.14 Hence by Corollary 6.12 there exist hi G H3, i = 1, . . . ,k such that 
abhi, ...,fk 



f 



abh}. are non-commensurable elements of Cwpd- The last assertion of 



Corollary 6.12 allows us to assume that 



d3(l,/ii) > 50Z), i = l, 



.k. 



(59) 



Indeed since (H^jd^) is locally finite, there is an element of infinite order h G H3 such every 
non-trivial power of h has length d3(l,/i") > 50D. 

Let us show that every /j satisfies E{fi) = E^{fi). To this end it suffices to show that no 
element t G G and no n G N satisfy 

(60) 



t-'fl't = f. 



(see Corollary 6.6). Arguing by a contradiction, let t G G and n G N satisfy (60). Let 
£ = l^lxuw- Then there exist oriented e-close paths p and q in T{G, XUTi) labelled by (abhi)^ 
and {abhi)'"^, respectively. Note that by (58) and (59) these labels satisfy conditions (Wi)- 
(W3) of Lemma 4.21 Let R = R{e, 2) be given by part (b) of the lemma. Passing to a multiple 



of n if necessary, we can assume that p is long enough so that i{p) > R. Then by Lemma 4.21 



there exist 2 consecutive components of p that are connected to 2 consecutive components of q. 
However this is impossible, actually because the sequences 123123. . . and 321321 . . . contain 
no common subsequence of length 2. □ 
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Lemma 6.17. There exist non- commensurable /ii,/i2 £ ^wpd 

E{h2). 



such that K{G) = E{hi) n 



Proof. By Lemma 6.16, Cy^p£) contains two non-commensurable elements / and g. We claim 
now that there exists x £ G such that E{x~^ fx) n E[g) = K{G). Note that for every x & G 
we have K{G) C E{x-^fx) D E{g) by the definition of K{G). 

To obtain the inverse inclusion, arguing by the contrary, suppose that for each x S G we 
have 

{E{x-^fx)r\E{g))\K{G)^^. (61) 

For any h G Cy^pj^, the set of all elements of finite order in E{h) form a finite subgroup 
T{h) < E{h). This is a well-known and easy to proof property of groups, all of whose conjugacy 
classes are finite; note that we use E{h) = E^{h) here. 

Since the elements / and g are not commensurable, E{f) n E{g) is finite by Proposition 



4.33 Hence every element of E{f) n E{g) has finite order and we obtain 



E[x~^fx) n E{g) = T{x-'fx) D T{g) = x-^T{f)x D Tig). 

Let P = T{f) X {T{g) \ K{G)). For each pair of elements (s,t) £ P we choose y 
such that y^^sy = t if such y exists; otherwise we set y(s, t) = 1. 

Note that 

G= U y{s,t)CG{t). 

{s,t)(iP 



(62) 
y{s,t) G G 



Indeed given any x e G, by (61) and (62) there exists t G T{g)\K{G) such that xtx~^ e T{f). 
Let y = y{xtx~^,t) be as above. Then y~^x E Gait) and hence x E yCcit). Recall that by a 
well- know theorem of B. Neumann [97], if a group is covered by finitely many cosets of some 
subgroups, then one of the subgroups has finite index. Thus there exists t E T{g) \ K{G) such 
that \G : GG{t)\ < oo. Consequently, t E E{h) for every h E Cwpd- Hence t E K{G), a 
contradiction. 

Thus E{xfx~^) n E{g) = K{G) for some x E G. Since /, g are non-commensurable and 
belong to C^rpj^, so are xfx~^ and g. It remains to set hi = xfx~^, /12 = 5- D 



Lemma 6.18. For every positive integer k, there exist subgroups {Ei, . . . , E^} 
that Ei = {gi) x K{G) for some gi & G, i = 1, . . . ,k. 



G such 



Proof. Let hi, /i2 be non-commensurable elements of /^^p^, such that K{G) = E{hi) n E{h2). 
By Corollary 6.6, after passing to powers of hi if necessary, we can assume that E(hi) = Coihi), 
i = 1,2. By Theorem [6^ {E{hi), E{h2)} {G,Y) for some Y Q G. Let £: = {E{hi) \ 



{1}) U {E{h2) \ {1}). Let di,d2 be the corresponding metrics on E{hi), E{h2) defined using 

r(G,y u£:). 

Let a E E{hi) be a power of hi satisfying di(l,a) > 50D, where D = D(1,0) is given 
by Proposition 4.14 applied to the Cayley graph r(G, 1" U £). Obviously a ^ E{h2) 
Corollary 6.12 allows us to choose hi E {h2), i = l,...,k, such that gi 



and 



abi 



,9k 
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Pi P2 P3 

Figure 21: 



abk are non-commensurable loxodromic elements with respect to the action on T(G,Y U £), 
{E{gi),...,E{gk)}^hG and 



min{d2(l, d2(l, bf)} > 50D, i = l,...,k. 
Let us show that for every gi we have E{gi) = (gi) x K{G). 



(63) 



We are arguing as in the second paragraph of the proof of Lemma 6.16 Let t G E{gi) and 
£ = l^lxu'H- Then tgf^ = gft for some n G N. Hence there exist oriented e-close paths p and 
q in T{G,Y \J £) labelled by (abi)^ and (abi)^"', respectively, such that p_ = 1 and g_ = t. By 



the choice of a and bi's, Lab(|?) and Lab((7) satisfy conditions (Wi)-(W3) of Lemma 4.21, Let 
R = R{e, 3) be given by part (b) of the lemma. Passing to a multiple of n if necessary, we can 



assume that p is long enough so that l{p) > R. Then by Lemma 4.21 there exists 3 consecutive 
components Pi,P2,P3 p that are connected to 2 consecutive components qi,q2,Q3 of q (Fig. 
21). 

Without loss of generality we can assume that Pi,P3,qi,q3 are i?(/ii)-components while 
P2,Q2 are -E(/i2)-components. Let Cj be a path connecting {pj)+ to {qj)+ in T{G,X U V.) and 
let Zj be the element of G represented by Lab(ej), j = 1, 2. Then Zj G E{hi)ri E{h2) = K{G). 
Note also that Zj G E{hi) n E{h2) implies 



d2{l,Zj)<2D, j = l,2 



(64) 



by Proposition 
obtain zib^^Zn b, 



4.14 
r 



If Lab(g) = {abi)^^\ then reading the label of the loop 615262 ^^2^' 
= 1. Recall that /ii, /12 are central in E{hi), E(h2), respectively, o is a 
power of hi and bi is a power of /12. Hence zi and Z2 commute with a and bi. In particular we 
obtain 2:1^2 = bf, which contradicts (63) and (64). 

Thus Lab(g) = {abi)^. Reading the labels of the segment of p from 1 to (pi)+, ei, and the 



26j)". Reading the labels of the segment of p from 1 to (pi] 
segment of q~^ from {qi)+ to t, we obtain t = g^zigf^ for some l,m £ Tj. Since zi commutes 
with gi = ab j, we obtain t G {gi)K{G). Thus E{gi) < {gi)K{G). Since K{G) < E{gi) by 
Lemma 6.16, we have E{gi) = {gi)K{G). Since {gi) and K{G) commute and intersect trivially, 
we obtain E{gi) ^ {gi) x K{G). □ 



We are now ready to complete the proof of Theorem 6.14 We prove it for n 
cases only differ by notation. 



2, other 



By Lemma 6.18, there exist subgroups {Ei, . . . ,Eq} {G,Y) for some Y (1 G such 

: 1,...,6. Let£: = (Si\{l})U...U(S6\{l}). 



that Ei = {gi) x K{G) for some gi G G, 
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,Eq constructed using the Cayley graph T{G,Y U £). 

1,...,6, (65) 



D{1, 0) is given by Proposition 4.14 applied to the Cayley graph T{G, Y U £). 
'■ 9i9293^ y — 929596- ^i^l verify that the subgroup {x,y) is free of rank 2 and 



Let di, . . . , dg be the metrics on Ei, 
Choose n G N such that 

di{l,g^)>50D, i 

where D - 
Let X 

that H = {x, y) x K{G) satisfies the assumptions of Theorem 4.42 with respect to the action 
of G on T{G,YlA8). 

First consider an arbitrary freely reduced word W = W{x,y) in {x^^,?/^^}. Let 
r = ri . . .rfc be a path in T{G,Y U £) with Lab(r) = W (g^ g2 g"^ , g2 9^ 95) , where Lab(pi) G 
{(515253)^^1 (545556)^^} for z = 1, . . . , /c. Here we think of g^ as letters in £. Then Lab(p) 
satisfies conditions (Wi)-(W3) of Lemma 4.21 and therefore p is (4, l)-quasi-geodesic. In par- 
ticular, it is not a loop in T(G,Y U £), which means that W ^ 1 in G. Thus {x,y) is free 
of rank 2. Moreover it follows that {x,y) is x-quasiconvex, where x = x(5, 4, 1) is given by 



Lemma [3.1 1 and 6 is the hyperbolicity constant of T{G,Y U £). It also follows that the action 
of {x,y) on T{G,Y U £) is proper and hence so is the action of H as \H : {x,y)\ < 00. This 



verifies conditions (a) and (b) from Theorem 4.42 

To verify (c), fix e > and let R = R{e, 4) be given by Lemma 4.21 Assume that for some 
e > 0, and g £ G, we have diam(iJ n (gH)^^) > R in T{G, Y U £). Then there exist oriented 
e-close paths p, q in r(G, Y \J £) such that their labels are words obtained from some freely 
reduced words U, V in {x,y}^^, respectively, by substituting x = 5^5253 V — 929^96^ 
and 

p_ eH, g_ G gH. (66) 

By (65), Lab(p) and Lab((7) satisfy conditions (Wi)-(W3) of Lemma 4.21 Therefore there 
exist at least 4 consecutive components of p connected to 4 consecutive components of q. 
Taking into account the structure of the labels of p and q, it is straightforward to derive that 
there exist consecutive edges pi, p2 of p and qi, q2 of q, such that the following conditions hold. 
Note that to ensure (**) we essentially use that x = 5^5253 ^^'^ V ~ 92959^'' taking x = gig2 
and y = 53 54 would not suffice. 

(*) The component pi of p is connected to the component of g, i = 1, 2. 

(**) There exist decompositions U = U1U2, V = V1V2 such that the initial subpath of p 
corresponding to Ui ends with pi and the initial subpath of q corresponding to Vi ends 
with qi. 

Let e be the empty path or an edge in r{G,Y \J£) connecting {pi)+ to {qi)+- By (*), Lab(e) 
represents an element of EiCiEj in G for some i ^ j- Hence c G K{G). Since c commutes with 
51, . . . , (76) using (66) and (**) it is easy to obtain g = zc, where z G {x,y). Thus g & H and 
H is geometrically separated. It remains to apply Theorem 4.42 □ 



6.3 Combination theorems 

In this section we mention two analogues of the combination theorems for relatively hyperbolic 
groups first proved by Dahmani in [46j. Our proofs are based on the approach suggested in 
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HUH]. 

Theorem 6.19. Let H be a group, {Hx}x(^a U {K} a collection of subgroups, X a subset of 
H. Suppose that {Hx}\^\ U {K} {H^X). Assume also that K is finitely generated and 
for some v £ A, there exists a monomorphism l : K ^ Hy. Let G be the HNN-extension 

{H,t I t-^kt = i{k), k G K). 

Then {Hx}xeA ^^h {G,XU{t}). 

Proof. The proof is almost identical to the proof of Theorem 1.2 from |108j . Instead of copying 
it here, we only indicate the necessary changes. First, throughout the proof the words "finite 
relative presentation" should be replaced with "strongly bounded relative presentation" and 



references to Lemma 2.1 from |108j should be replaced with references to Lemma 4.11 from 
our paper. After these substitutions, the proof given in |108j starts with a strongly bounded 
relative presentation V oi H with respect to {H\}\<^a U {K} and X, and produces a strongly 
bounded relative presentation Q of G with respect to {H\}\^\ and the relative generating 
set X U y U {t}, where Y is any finite generating set of K. It is proved in [108j that if 
7(n) is a relative isoperimetric function of V, then there exist constants Ci,C2,C3 such that 
Ci7 o 7(C2ra) + C^n is a relative isoperimetric function of Q, where 



7(n) = max max (7(01) H l-7(aj)) 

i=l,...,n yaiH \-ai=n, a^sN 

In our case 7 is linear since {Hx}x£A^{K} {H, X). Hence the proof yields a linear relative 
isoperimetric function of Q. This means that {/^aIasA {G,X U y U {t}). Note that G is 



also generated by X U {t} UH as Y C K < {t, H^)- As Y is finite, Corollary 4.27 implies that 



{Hx}xeA-^h{G,Xu{t}). □ 

Similarly for amalgamated products, we have the following. 

Theorem 6.20. Let A (respectively, B) be a group, {^^}^gM U {K} (respectively, {By}^^^) 
a collection of subgroups, X (respectively, Y) a subset of A (respectively, B). Suppose that 
{yl^l^gM U {K} {A,X), {i?iy},yeN {B,Y). Assume also that K is finitely generated 
and for some rj £ N, there is a monomorphism ^ : K ^ B^. Then {A^j^gM U {Bu}y(z^ 
{A*K=aK)B,XuY). 



Theorem 6.20 can be derived from Theorem 6.19 by using the standard "retraction trick". 



Lemma 6.21. Let W be a group, {C/a}agA o collection of subgroups, X a subset of W. Let 
V <W be a retract of W, e: W ^ V a retraction. Suppose that V contains all subgroups from 
the set {Ux}xeA and {Ux}xeA ^^h {W,X). Then {Ux}xeA ^^h {V,e{X)). 

Proof. Let 

U=l\{Ux\{l}). 

AeA 
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Obviously e defines a retraction e between the corresponding Cayley graphs T{W, X \J U) 
and T{V,e{X) \JU). Hence T{V,e{X) UU) is hyperbolic. Note also that if p is a path in 
T{W,X UU) and qi,q2 are components of p, then i{qi),i{q2) are components of i{p) and if 
qi,q2 are connected, then so are i((ji),i{q2)- Using this observation it is straightforward to 
verify that local finiteness of {U\,d'^) easily follows from that of {Ux,dx), where d'^ and d^ 
are the distance functions defined as in Definition 4.2 using T(y,X UU) and r(l^, X UU), 
respectively. Hence the claim. □ 



Proof of Theorem 6.20. Recall that the amalgamated product P = A*x^^(^x) B is isomorphic 
to a retract of the HNN-extension G of the free product A* B with the associated subgroups 
K and S,{K) [88|. More precisely, A *k=({k) B is isomorphic to the subgroup {A^,B) < 
G via the isomorphism sending A to A* and B to B, where t is the stable letter. It is 
obvious from the isoperimetric characterization of hyperbolically embedded subgroups (see 



Theorem [424| ) that {^^}^gM U {^z/}i.gN U {i^ } ^h A*B. Then by Theorem |6.19t {vl^j^eMU 



>h G. Further applying Proposition 
G. Consequently U {B^};.eN 

via the isomorphism, we obtain the claim. 



4.36 



B) 



we conclu de th at {A^j^gAf U {S,,}i,eN '-^h 
Passing from (A*, B) to P 

□ 



3y Lemma 
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6.4 Rotating families from small cancellation subgroups 

Recall that for a group H acting on X, the injectivity radius mixiH) is the infimum of 
displacement by non trivial elements of H. If 7?. is a family of subgroups, we use the notation 
injj^(7^) = inf//g7^ injjf Recall that this invariant was relevant for the coning-off process 



in |5.3[ specifically in Proposition 5.30 



Definition 6.22. Let G be a group acting on a 5-hyperbolic graph X with 6 > 0. Consider 
TZ a family of subgroups of G stable under conjugation. 

We say that TZ satisfies {A, e)-small cancellation if 

(a) for each subgroup H £ TZ there is a 10(^-strongly quasiconvex subspace Qh C X such 

that QgHg-i = QgH 

(b) mij,(n)>A6 

(c) for all H ^H' en, A{H, H') < e x inj^(7^) 

Note that this condition does not change under rescaling of the metric. Moreover, if X is a 
simplicial tree, we can choose 5 as small as we want, so the assumption on the injectivity radius 
means that all elements of H should be hyperbolic, and the last assumption is (a weakening 
of) the usual C(e) small condition. 



Recall that rij,6c,Ac were defined in the beginning of section 5.3 and Theorem 5.27 We 



choose rQ > ru, and injg(ro) is the constant defined in Proposition 5.30 
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Proposition 6.23. There are constants Aq = ™je(''o) ^ _ .^A^"^^^ such that if a group G acts 
on a 5-hyperholic graph X with 5 > 0, if TZ is a family of subgroups satisfying the {Aq,£q)- 
small cancellation condition, then TZ defines a 2r{)- separated very rotating family on the (6u- 
hyperbolic) cone- off X = C {\X , [Q h) , tq) where \X is the space X rescaled by the factor 
A = min(|,%). 

Proof. Let X' = XX be the resc aled space. Clearly, X' is ^c-hyperbolic, and A{H,H') < Ac 



for all H ^ H' £ TZ. Corollary 5.28 implies that X is (5;7-hyperbolic. Morever, injx'iTZ) = 
min(^, ^YmixiTZ) > inm{Au6c, j^) since TZ satisfies the {Au , euYsvasiW cancellation condi- 



tion. This last quantity is inj^, by choice of Au,eu- Then, Proposition 5.30 applies, showing 



that 7^ is a 2ro-separated very-rotating family. □ 



Since C{\X, {Qh),^^) is (5t/-hyperbolic (by Corollary 5.28), we obtain the following. 



Corollary 6.24. For any a, there exists yl > 0, e > 0, such that the following holds. If a group 
G admits an action on a hyperbolic space in which the family of the conjugates of a subgroup 
H satisfies the {A,e) small cancellation condition, then H is a a-rotating subgroup of G. 

In particular, a = 10^, which is sufficient to apply most of our results, yields uniform 
constants A,£ (in the sense that they do not depend on some free parameter). 

Specializing to the case of cyclic groups, we get the following. 

The axis of a loxodromic element g, is the 205-neighborhood of the set of points x at which 
d{gx,x) < infy d{gy,y) + 5. We denote it by Axis{g). Note that it is not quite the same as 
the quasi-geodesic axis previously introduced. Recall the definition of the stable norm of a 
loxodromic isometry in a hyperbolic space: \\g\\ = lim.-d{g^ 

For two loxodromic elements g, h, we write A{g, h) = A(Axis((7), Axis(/i)) (as defined earlier 
in section 



5.3). 



Definition 6.25. Let G be a group acting on a (5-hyperbolic graph X with 5 > 0. Consider TZ 
a family of loxodromic elements of G, stable under conjugation. Define inj(7^) = inf^gT^ \ \g\\- 

We say that TZ satisfies {A, e)-small cancellation if 

(a) inj(7^) > A6 

(b) for all 5 / e TZ, A{g, h) < einj(7l). 
Small cancellation implies that AiTZ) is finite. In particular, if Xx.\s{g) and Axis(/i) satisfy 



A{g,h) = oo, then g = h^. Applying Proposition 6.23, one immediately gets 



Proposition 6.26. For any a, there exists A > 0,e > 0, such that if a group G acts on a 
6 -hyperbolic graph X, and ifTZisa family of subgroups satisfying the {A,e)-small cancellation 
condition, then any cyclic subgroup in a group in TZ is a-rotating in G. 

We now show how acylindricity implies that large powers of elements give small cancellation 
families. We prove similar (but less uniform) assertions under Bestvina and Fujiwara's WPD 
(weak proper discontinuity) condition. 
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Acylindricity allows to obtain many examples of families satisfying small cancellation prop- 
erties. 

We will use the following facts concerning the stable norm ||^|| of an element g £ G. 

Lemma 6.27. There exists Kq as follows. Let x G Axis{g). Then for all i £ N, i\\g\\ < 
d(x, g^x) < i\\g\ \ + Kq6. 

If G acts acylindrically on X , then there exists rj > such that the stable norm of all 
loxodromic elements is at least rj. 

There exists Ki such that if g is loxodromic, and k > 0, Axis(5) and Axis((7^) are at 
Hausdorff distance < Ki. 

See for instance [HI 3.1], and [23 ] for the second statement. 

We now explain how to obtain families satisfying small cancellation conditions from the 
acylindricity of the action. 

Proposition 6.28. (Small cancellation from acylindricity) 

Let G r\ X be an acylindrical action on a geodesic 6 -hyperbolic space. Then, for all 
^4, e > 0, there exists n such that the following holds. Let TZq be a conjugacy closed family of 
loxodromic elements of G having the same positive stable norm. Then the family TZq = {g^, g G 
7^0} satisfies the {A,e)-small cancellation condition. 

Remark 6.29. The statement of the proposition extends to the following situation: assuming 
acylindricity, given A, e and L, there exists n such that the following holds. Assume that IZq 
is family of loxodromic elements of stable norm at most L, closed under conjugacy, and such 
that any pair of elements g,h G TZq having axes at finite Hausdorff distance satisfy \\g\ \ = \ \h\\. 
Then the family {g^,g G TZq} satisfies the (j4,e)-small cancellation condition. 

Remark 6.30. One easily checks that if TZ satisfies the {A, e)-small cancellation condition, then 
so does TZ^ for all /c > 1. In particular, if TZq is as in the proposition, then TZq^ satisfies the 
{A, e)-small cancellation condition. However, it might not be the case that TZq satisfies the 
{A, e)-small cancellation condition for all k large enough. 

Let us briefly explain the argument in the case of an action on a tree. First, we argue that 
a g,h € TZ have different axis of translation in the tree, then the common segment a of the 
two axis has length controlled by L and the constants of acylindricity. Actually, restricted on 
a subsegment of a far from it ends, [g^,h^] is trivial (since 5* and are merely translations 
on a same axis), and one can find a contradiction with acylindricity, if the possible i and j are 
numerous. 

The second point is that if (7, h have same axis, and same translation length, then h^g~^ fixes 
the whole axis. Again by acylindricity, {h^g~^) = (h^g^^) for two different bounded indices, 
and therefore h^ = g^ for some controlled power k. 

We start with a well known technical lemma. 

Lemma 6.31. There is a universal constant K such that the following holds. Let g,h be 
loxodromic elements in a 5-hyperbolic space, and € N \ {0}. Assume A{g,h) > \\g^\\ + 
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+ 506. Consider x,y £ Axis+^°'^(5') n Axis+^°'^(/i), with d(x, y) = A{g, h). Without loss of 
generality up to changing g,h to their inverses, assume that g^^x and h^^x are at distance at 
most 505 from [x,y]. Let p G [x,y] be the point at distance A{g,h) — \ \g\ \ — \ \h\\ from y. 

Then for all i G {1, . . . , N}, the commutator [g'' , h] = g^hg^^h^^ moves all points in [p, y] 
by at most K5. 

Moreover, if \\h\\ = \\g\\, then i G {1, . . . ,N}, g^h~^ moves all points in [p,y] by at most 

K6. 

The first assertion is in tlie last claim of |112j . The second follows from the first point of 
Lemma 16.271 



Proof of Proposition 6.28. Let us fix the constants. Let K be as in Lemma 6.31 By acylindric 



ity, there exists and R, such that for all x, y at distance > R, at most different elements 



of G send them at K5 from themselves. By the second point of Lemma 6.27 consider r/ > 
such that the stable norm of any loxodromic element is > 77. 



Fix A,e > 0. Recall the constant Ki from Lemma 6.27 Let mo > 



max(^, Define n as the smallest multiple of A^! greater than mo- 

Clearly, H^™""!] > A5 as required by the definition of (A, e)-small cancellation. 

We first claim that for ah g,heTlo such that A{g, h) > R+{N + 2)L + 1006, then Axis(5) 
and Axis(/i) are at bounded Hausdorff distance from each other. Indeed, by Lemma 6.31[ 



there exists two points p, y at distance > R such all commutators [5* , h] for i = 1 , . . . , A" + 1 
move p and y by at most K5. By acylindricity, there exists i ^ j such that [g^, h] = [g^ , h], so 
[g^~'^,h] = 1. It follows that g'' preserves the axis of h, and that Axis(5'), Axis(/i) are at finite 
Hausdorff distance. 

If follows that for all g,h ^ TZq, either Axis{g) is at finite Hausdorff distance from Axis(/i), 
or A(5™o, /i""o) > A{g, h) + K16 >R + {N + 2)L + (100 + Ki)6. Note that for ah m > mo, 
inixiTl^) > mor] > 1{R+{N + 2)L + (100 + Ki)6) by choice of mo. It follows that A{R^) < 
smixiR^). 

We claim that for all g,h such that Axis{g) is at finite Hausdorff distance from Axis(/i), 
g^' = h^'. Th e small cancellation condition will follow. By assumption, \\g\\ = \\h\\, so 



by Lemma 6.31, up to changing h to h ^, all elements g^h * move points of Axis+^°'^(5r) n 
Axis'^'^^^ (h) by at most K5. By acylindricity, there exists i ^ j £ {0, ...,A^} such that 
g^h~^ = g^h~^ . It follows that g''~^ = h^~^ so g^^' = which concludes the proof. 

□ 



Recall the WPD condition defined in Definition 16.11 

Proposition 6.32. Consider hi, . . .hn some loxodromic elements that satisfy WPD, and such 
that for all i j, no power of hi is conjugate to a power of hj. Let 7^ = {/ii, . . . , be the 

set of their conjugates. Then for all A, e, there exists m such that 7U^ satisfies {A, e) small 
cancellation. 



Proof. Let ?], L be the minimal and maximal stable norms of the elements hi, . . .hn- Consider 
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C = K5 as in Lemma 6.31, Denote by Ca{x,y) the set of elements g £ G that move x and y 
by at most a. Consider pi such that for all x £ X, the set C2ks{x, h^^x) is finite. 

Since any x G Axis^^'^'^(/ij) is at distance at most 205 from hf.[xo,hiXQ], we see that 
CKsix,h^^x) is bounded by some number Ni independent of a; G Axis^^'^''(/ij). Consider A'' = 
max A^j. 

Given A and e > 0, define mo > max(f , P^+(iV+2)L+(ioo+x,)^ )_ 



Consider g,h e TZ. If A{g, h) > pL + {N + 2)L + 100(5, then by Lemma |6.31[ for all 
i = 1, . . . , A^ + 1, all commutators [5', li\ for i = 1, . . . , A^ + 1 move y and h~'Py by at most K6. 
As in the previous section, this implies that some power of g commutes with /i, so Axis((7) and 
Axis(/i) are at bounded Hausdorff distance from each other. It follows that {g, h) is virtually 
cyclic, so g and h are conjugate of the same hi by assumption. In particular \\g\\ = \\h\\. 
Arguing as above, we see that there exists i < N such that 5* = /i', and 51^' = □ 

6.5 Back and forth 

In this section we discuss a canonical way of constructing rotating families from normal sub- 
groups of hyperbolically embedded subgroups. 

Theorem 6.33. Let G he a group, {H\}\(z\ a collection of subgroups of G, and X a subset 
of G such that r(G, X U %) is hyperbolic. Then for every a > 0, there exists D = D(a) such 
that if a collection of subgroups {A^aIagAj where Nx < H\, satisfies dA(l,/i) > D for every 

nontrivial element h G \J Nx, then {Nx}xeA is a-rotating. 

agA 

The corollary below follows immediately. 

Corollary 6.34. Let {-ffAlAeA ^6 a hyperbolically embedded collection of subgroups of a group 
G. Then for every a > there exists a finite subset T C G \ {1} such that any collection 
{A^aIasA; where Nx < Hx and Nx n = for every X £ A, is a-rotating. 

The proof is divided into a series of lemmas. From now on and until the end of the proof, 



we work under the assumptions of Theorem 6.33 



We start by defining combinatorial horoballs introduced by Groves and Manning ^66j , which 
play an important role in our construction. 

Definition 6.35. Let T be any graph. The combinatorial horoball based on T, denoted 'H(r), 
is the graph formed as follows: 

1) The vertex set ^(°)(r) is x ({0} UN). 

2) The edge set ^^^^•'(r) contains the following three types of edges. The first two types are 
called horizontal, and the last type is called vertical. 

(a) If e is an edge of T joining v to w then there is a corresponding edge e connecting 
{v,0) to {w,0). 
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(b) li k > and < dr{v,w) < 2^^, then there is a single edge connecting {v,k) to 
{w,k). 

(c) If A; > and v G r'^'^^, there is an edge joining {v, k) to {v, k + 1). 

Given r S N, let Vj. be the full subgraph of ^(r) with vertices {(?/,n) | n > r, ?/ E Y}. By 
dr and d-^(p) we denote the combinatorial metrics on T and HiV) respectively. The following 
results were proved in |66!- (The first one is Theorem 3.8 and the other two follow easily from 
Lemma 3.10 in [66].) 

Theorem 6.36 (Groves-Manning). (a) There exists > such that for every connected 
graph T, HiX) is 5 -hyperbolic. 

(b) For every r gN, T>r is convex. 

(c) For every two vertices a, 6 G we have 

dr(a,6) < 23(dH(r)K&)-3)/2_ 

Let S be a graph. For a loop c in S, we denote by [c] its homology class in H2{T,,Z). By 
i{c) and diam(c) we denote the length and the diameter of c respectively. The next proposition 
is a homological variant of the characterization of hyperbolic graphs by linear isoperimetric 
inequality. It can be found in [28]. 

Proposition 6.37. For any graph S the following conditions are equivalent. 

(a) S is hyperbolic. 

(b) There are some positive constants M, L such that if c is a loop in S, then there exist 
loops ci, . . . ,Ck in T, with diam(cj) < M for all i = 1, . . . , k such that 

[c] = [ci] + . . . + [cfc] (67) 

and k < Li{c). 

Remark 6.38. Clearly replacing "c is a loop" in (b) with "c is a simple loop" leads to an 
equivalent condition. It is also easy to see from the proof given in [28j that the hyperbolicity 
constant of S can be recovered from M and L and vice versa. 

Definition 6.39. Given a graph T and r > 1, we denote by T-Lr(T) the graph obtained from 
y. (r) by adding one vertex v and edges connecting v to all vertices of Vr ■ We call v the apex. 
The additional edges are called the cone edges of T-lr{T). 

Lemma 6.40. There exists 5 > such that for every (not necessarily connected) graph T and 
every r G N U {0}, ^r(r) is 5-hyperbolic. 
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Figure 22: 



Proof. The statement follows easily from Theorem 6.36 Indeed let c be a simple loop in 'Hr{T). 
Since c is simple, it passes through v at most once. Hence c can be decomposed as c = ab, 
where a is a path in T-L{T) and 6 is a path of length at most 2 such that all edges of b (if any) 
are cone edges of T-lr(T). Let d be a geodesic path in T-l{T) connecting 6_ to 6+. Note that 



[c] = [ad] + [d-'b] 



(68) 



Since Vr is convex, d belongs to 2?r- Hence [d ^b] can be decomposed into the sum of at most 
£{d) homology classes loops of length 3 (see Fig. 22). Note that i{d) < £{a) < i{c). 



By Theorem 6.36, connected components of ^(F) are hyperbolic with some universal hy- 



perbolicity constant. By Remark |6.38 there exist M and L such that all connected components 
of ^(F) satisfy the condition (b) of Proposition 6.37 Since ad belongs to such a component, its 
homology class can be decomposed into a sum of at most Li{ad) < 2Li{a) < 2Li{c) homology 
classes of loops of length at most M. 



Now taking together the decompositions for the classes in the right side of (68), we obtain 
a decomposition of [c] into at most (2L + l)i{c) classes of loops of length at most M' = 



max{M, 3}. Thus T-Lr{T) satisfies condition (b) from the Proposition 6.37 with constants M' 
and and L' = 2L+1. Applying Remark 6.38 an Proposition 6.37 again, we obtain the claim. □ 



Lemma 4.9 provides us with a bounded reduced relative presentation 

G = {x,n\sun) 



(69) 



with linear relative isoperimetric function. Let Yx C H\ be the set of all letters from Hx \ {1} 
that appear in words from TZ. Let 

AeA 

Fix also any r G N U {0}. To these data we associate a graph K = K{G, X, Y, {Hx}x£Aj ^) as 
follows. 

Definition 6.41. Let T{G,X U Y) be the Cayley graph of G with respect to the set X UY. 
Note that F(G, X L)Y) is not necessarily connected. Indeed it is connected iff X is a relative 
generating set of G with respect to the subgroups (1a)) which is not always the case. Let 



95 




T[Hx,Yx) be the Cayley graph of Hx with respect to Yx- Again we stress that T{Hx,Yx) is 
not necessarily connected. In what fohows, gT{Hx,Yx) denotes image of r{Hx,Yx) under the 
left action of G on T{G, XUY). For each A G A we fix a set of representatives Tx of left cosets 
of Hx on G. Let 

Q = {gr{Hx,Yx) \XeA,geTx}. 

Let Kr{G^X,Y,{Hx}xeA) be the graph obtained from r{G,X U Y) by attaching %r{Q) to 
every Q £ Q via the obvious attaching map {q, 0) i— )• g, g G Q. 

The next lemma is similar to Theorem 3.23 from 1661. 



Lemma 6.42. There exists 6 > such that for every r E N U {0}, the graph Kr = 
K{G,X,Y,{Hx}xeA) is 6-hyperbolic. 

Proof. Observe that is connected as left cosets of Hxs belong to connected subsets in K 
and X generates G relative to {Hx}xeA- 

We will use Proposition |6.37| again. To each simple loop c in we associate a loop in 
r(G, X L)Y) <Z r(G, X U T-L) as follows. Let bi, . . . ,bk be the set of all maximal subpaths of c 
such that each bi belongs to Hr{Qi) \ r(^)(G, X UY) for some Aj G A and Qi E Q. We replace 
each bi with the edge Ci in T{G,X UV.) connecting (bi)- to and labelled by an element 

of Hx^. Let c' be the resulting loop in r(G, X U H). 



Consider a van Kampen diagram A over (69) such that: 

(a) The boundary label of A is Lab(c'). 

(b) A has minimal number of 7^-cells among all diagrams satisfying (a). 
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Figure 24: 



(c) A has minimal number of 5-cells among all diagrams satisfying (a) and (b). 

In what follows we identify dA with c'. 

The maps i— )• bi naturally induce a continuous map cp from c' to whose image is c. 
Observe that (b) and (c) imply that every internal edge of A belongs to an 7^-cell. Hence every 
such an edge is labelled by some element of X U y by the definition of Y\s and the fact that 



the presentation (69) is reduced. Thus we can naturally extend ip to the 1-skeleton of A. Note 



also that the total length of boundaries of all 5-cells of A does not exceed the total lengths 
of boundaries of all 7^-cells. Let /(n) = Cn be a relative isoperimetric function of (69) and 
Note that M < oo as (|69l) is bounded. Then [c] decomposes into the sum of at 



M 



max 



R 



most Ci{c') < Ci{c) homotopy classes 



of 



loops of length at most M (corresponding to 7^-cells 



of A) plus [si] + • • • + [sm], where Sj's are images of boundaries of 5-cells and 



< MCe{c')+£{c) < {MC + l)£{c). 



(70) 



i=l 



Note that every Si is a loop in some HriQ) and hence by Lemma 6.40 there exist some 
constants A,B independent of r such that [sj] decomposes into the sum of at most A(.{si) 
homotopy classes of loops of length at most B. Hence [c] decomposes into the sum of at most 
(C + A{MC + l))i{c) homotopy classes of loops of length at most max{M,B}. Hence by 
Proposition |6.37] IK^ is 5- hyperbolic, where 6 is independent of r. □ 



We are now ready to prove the main result of this section. 
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Proof of Theorem 6.33. By Lemma 6.42 there exists 6 > such that is 5-hyperbohc for 
any r. Without loss of generahty we may assume that 5 > 1. We take 

r > (5max{a/2,100} (71) 

Denote the combinatorial metric on K,. by d. 

The left action of the group G on T{G,X U Y) can be extended to the action on K,. in a 
natural way. Namely given g G G and any vertex (x, n) of UriQ) for some Q G Q and n G N, 
we define g{x,n) to be the vertex {gx,n) of Tir{gQ)- Further we denote by ag the apex of 
T-LriQ) and define g^aq) = OgQ. This gives an action of G on the set of vertices of K^. It is 
straightforward to check that this action preserves adjacency of vertices and hence extends to 
the action on IC^. 

Let C = {aglgeQ- If Q = gT{Hx,Y\) for some g G G and A G A, let GaQ = gNxg^^. It is 
easy to verify that (C, {Gc}cgc) is a rotating family. Clearly C is 2r-separated. In particular, 
C is Q(^-separated by (71 ). To complete the proof it remains to show that (C, {Gc}cec) is very 
rotating. 

Let c G C and let x,y £ K^, g €z Gc \ {1}, be as in the definition of a very rotating family. 
That is, suppose that 

20<5 < d(x, c) < 306 

and 

d{gx,y) < 15(5. 

Without loss of generality we may assume that c is the apex of UriQ)-, where Q = T{H\, Y\) 
for some A and thus Gc = N\. Note that 

d(c,y) G [d{c,gx)-d{gx,y),d{c,gx) + d{gx,y)] = 

[d(c, x) - (l{gx, y), d(c, x) + d(5ra;, y)] = [55, 455]. 



Since r > 1005 and 5 > 1, we have x,gx,y £%{Q) C %r{Q) (see Fig. [24]). 

Suppose that a geodesic 7 in connecting x and y does not pass through c. This means 
that 7 does not intersect any cone edge of TiriQ)- On the other hand, 7 does not intersect 
T{G,XUY) as 

d(x, y) < d{x, c) + d(c, 5(x) + d(5-x, y) = 2d(x, c) + d(fi(x, y) < 755, 

while any path between x and y intersecting r(G, X U y) would have length at least 

r - d(c, x) + r - d(c, y) > 1005 - 305 + 1005 - 455 > 755. 

Thus 7 entirely belongs to H^Q) and hence d'^{Q){x,y) < 755, where dy^(Q) denotes the com- 
binatorial metric on 'H{Q). Similarly dy^(^Q){gx,y) < 155. 

Note that x is not necessary a vertex of T-L{Q) (it can be an internal point of an edge). Let 
x' G 7 be the vertex of 'H{Q) closest to x. We have 

d-HiQ) (^'> gx) < d^(Q) (x, gx) + 2< d^(Q) {x,y) + d^(Q) {y, gx) + 2< 755 + 155 + 2 < 925. 
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Let x' = (a, n) for some n G N and a G Hx. Then gx' = (ga, n). Recall that the vertex a of Q 
is identified with the vertex (a, 0) of 1-L{Q). Thus we obtain 

dw(Q) (a, go) < d^(Q) (a, x') + d^(Q) (x', 5rx') + d^(Q) (52;', c/a) < 2n + 925 < 2r + 92(5. 



Our sets Y\ are chosen in the same way as in the proof of Lemma 4.11 (see the first paragraph 
of the proof). Hence by part (b) of Lemma 4.11 there exists a constant K such that dx{u, v) < 



KdY^{u,v) for every u,v ^ H\. Applying part (c) of Theorem 6.36 we obtain 



dx{l,a-'ga)=Ma,ga) < KdY,ia,ga) < 23(2'-+925-3)/2^^ 
Since Nx is normal in Hx, we have a~^ga G Nx \ {1}- This leads to a contradiction li D > 

23(2r+925-3)/2_^_ q 



Li the other direction, we note that every a-rotating subgroup of a group G remains a- 
rotating in G x Z via the obvious induced action of G x Z. However G x Z does not have 



any non-degenerate hyperbolically embedded subgroups by Corollary 4.34 Thus, in general, 
passing from rotating families to hyperbolically embedded subgroups is impossible. However, 
we show that, under good circumstances, very rotating subgroups are hyperbolically embedded. 

Let y be a hyperbolic space, C a G-invariant set of points, and Co C C be a set of repre- 
sentatives of C /G. Fix R > and Yq = Y \ C^^ the complement of the iZ-neigbourhood of C 
endowed with its intrinsic path metric cIyq- 

Lemma 6.43. Assume that the action of G onY is cobounded. Consider xq G Yq, and assume 
that 



1. for each c €z C, StabG'(c) acts properly onY\ Bji{c) with its intrinsic metric; 

2. for each c G Co there is a path joining xq to c and avoiding (C \ {c})+^ 

3. there is a (maybe infinite) set S C G such that 

(a) for each D > 0, the set of elements of G moving xq by at most D for the metric dy is 
contained in a ball of finite radius of G for the word metric over S U {Stabcic)} ceCo 

(b) all elements of S move xq by a bounded amount for the intrinsic metric dyg 

Then {StabG(c)}ceCo ^-^ hyperbolically embedded in G with respect to S. 

Remark 6.44. In the first assumption, one can replace Y\Bii{c) by the smaller set -Bi?+20(5(c) \ 
Bji(c) that plays the role of the link around c. This follows from the divergence of geodesies 
and the fact that the closest point projection to the convex set -B_r+20(5(c) in the hyperbolic 
space Y is almost length decreasing. 

Proof. Consider 7i = \_\ StabG(c) \ {1}, and the Cayley graph Z = T{G,S U H). Since 

ceCo 

dy < dy^ , all elements of SUTi move xq at bounded distance away for dy , so the map Z ^ Y 
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sending g to q.xq is Lipschitz. Since G acts coboundedly on y, Assumption 3a 3b) ensures 
that this map is a quasi-isometry, so Z is hyperbolic. 

Given cq G Cq and n > 0, we need to check that there are only finitely many elements 
g G StabG(co) that can be written as g = si . . . s„ where the corresponding path in the 
Cayley graph T{G,S U H) does not contain any edge of r(StabG(co), StabG(co)). Denoting 
by Wi = si . . . Si, this amounts to ask that whenever Wi G G(co), then Sj is from the set 
SU U StabG(c) \ {!}. 

c6Co\{co} 

To such a word, we associate a path pi . . .pn of bounded length joining xq to gxQ in 
Y \ Bji{co). By Assumption [l| this will imply that there are finitely many such elements g, 
concluding the proof. If Sj G 5, Assertion 3a 3b) gives us a path p C Yq oi bounded length 
joining xq to SjXo, and we take pi = Wi-iSi. If Sj is from the alphabet StabG(c) \ {!}, we 
consider then the path q = qc-SiQc joins xq to SiXo avoiding C \ {c})+^, and we take pi = Wi-iq. 
To prove that pi avoids Bii{co), we check that Wi-ic ^ cq. If Wi-ic = cq, then c = cq since 
c, Co G Co, so Wi-^i G StabG(co), and since Si G StabG(co), this contradicts the form of the word 

Si...Sn- □ 



Although less general that Theorem 4.42 because of the coboundedness assumption, the 
following corollary is more direct. 

Corollary 6.45. Let X be a hyperbolic hyperbolic space, with a cobounded action of G, and 
Q <Z X a G-invariant, G-finite family of quasiconvex subspaces that satisfies the hypotheses of 



Theorem 5.21 Let {Q\)\^k be a family of representatives Q modulo G. 



If for each A G A, StabG'(QA) CLcts properly and coboundedly on Q\, then {StabG((5A}AGA 
is hyperbolically embedded in G. 

Proof. Fix a basepoint xq G X, and Do such that any point in X lies at distance at most 

Dq from the orbit of xq. Up to changing our choice of representatives, we can assume that 

dx{xo, Qx) < -Do for all A G A. Let S be the set of elements of G moving xq by at most 3L'o- 

Let Y = C{X, Q, ro) be the cone-off of X along Q for ro > max{rif , AOSu) ■ By Corollary 5.28 

Y is hyperbolic. We denote by C C y the set of apices, cq the apex corresponding to Q £ Q, 

and by G{Q) C Y the cone on Q. We take Cq = {cq^Iasa- As in Lemma 6.43 we consider 
Yo = Y\C+^°^u_ 



We check that the hypotheses of Lemma 6.43 are satisfied. The action of G on y is clearly 
cobounded and Assumption [2] is also clear. 



Let us check that StabG(c) acts properly on -Bro(c) \ -B205u(c) 



noted above, this will imply that the first assumption of Lemma 6.43 is satisfied 
the radial projection p, 
from |45| Prop. 



Brg{c) \ {c} — )■ X defined above Proposition 5.24 



for its intrinsic metric. As 
Consider 
It easily follows 
> such that if 



2.1.4] that this map is locally Lipschitz: there exists L 
x,y G (c) \ i?20(5c/ (c) distance at most W6i/, then dx{pc{x),Pc{y)) < Ldyix^y). Since 

the action of StabG(c) on the corresponding subspace in Q is proper. Assumption [l] of Lemma 
[633] follows. 

Let D' be such that each group {StahG{Qx}xeA acts D'-coboundedly on Qx- To prove 
Assumption 3a 3b), consider g £ G such that dyixo, gxo) < 3D. If a geodesic [xo,gxo] in 
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Y avoids the C+20<5c/^ using the radial projection of this geodesic gives a path showing that 
dx{xQ, gxo) < SDL. In general, write [xqjS'Xo] as a concatenation of paths poqi . . .qnPn where 
each Pi either avoids C+^o^c/^ and qi is a path contained in a cone C{Qi), with endpoints in 



X, and intersecting B205. 



As above, the length of the radial projection of pi is at most 



SDL. Since the length of qi is at least 2(ro — 206u), the number of paths qi is bounded. Since 
Stabc (cq.) acts D'-coboundedly on Qi, one easily gets that g can be written as a product of 
a bounded number of elements of S'U {StabG((5A)}AGA- Assumption 3a 3b) follows. 

To prove Assumption [3a 3b ) . we note that since tq > 20 X C Yq CY. It follows that 
for all g £ G, dx{xo, gxo) > dyf^ixo, gxo) > dyixo, gxo). Since all elements of 5 move xq by at 
most SDq Assumption SalSbl) follows. □ 



6.6 Some particular groups 

In this section we discuss some particular examples. The reader should keep in mind that 



hyperbolically embedded subgroups often lead to very rotating families via Theorem 6.33 In 
particular if G is a group and g £ G an element of infinite order such that some elementary 
subgroup E < G containing g is hyperbolically embedded in G, then for some n G N, ((7") is 
normal in E. Moreover, for every finite subset J- C S\{1}, we can always ensure the condition 



(5") n = by choosing n big enough. Hence by Corollary 6.34 for every a > there exists 
n G N such that for every A: G N, the collection of conjugates of (5"^) is o-rotating. 

However sometimes a direct argument leads to stronger results. This is so, for instance, for 
mapping class groups. Recall that every mapping class group admits an action on the so-called 
curve complex. The definition of the curve complex is not essential for our goals and we refer 
the interested reader to [91]. The following lemma is due to Masur-Minsky |91j and Bowditch 

EHIEHI. 



Lemma 6.46. Let S he an orientahle surface of genus g with p > punctures, such that 
3g + p — 4 > and A4CG(T,) its mapping class group. Let also C denote the curve complex of 
S. Then the following conditions hold. 



(a) (Masur-Minsky fP7] /. Bowditch fEEl) C is hyperbolic. 

(b) (Bowditch JMI) The action of AiCGiT,) on C is acylindric. 

Note that if we derived part (b) of the following theorem from part (a) along the line 
described above, the constant n would depend on the element a. Using acylindricity allows us 
to prove a more uniform result. 

Theorem 6.47. Let Ti be a (possibly punctured) closed orientahle surface. Then the following 
hold. 



(a) For every collection of pairwise non- commensurable pseudo-anosov elements ai, . . . ,afc G 
AiCQ{T,), we have {E{ai), . . . , £'(0^)} M-^ AiCQ{T,), where E{ai) is the unique maximal 
elementary subgroup containing ai, i = 1, . . . , k. 
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(b) For every a > 0, there exists n G N such that for every pseudo-anosov a G 7WC^(S), the 
collection of conjugates of cyclic subgroups {(a") \ i = 1, . . . ,k} is a-rotating. 

Proof. We first observe that in all exceptional cases (i.e., when 3g + p — 4 < 0), AiCQCE,) is 
hyperbolic. In this situation the first claim of the theorem is well known (see, e.g., [30]) and 
both claims follow immediately from Theorem |6 . 8| and Propositions |6.28| and 6.26 as the action 
of every element of infinite order of a hyperbolic group on the (locally finite) Cayley graph of 
the group is loxodromic and satisfies WPD. 

Suppose now that 3g + p — A > 0. Then acylindricity of the action of M.CG{T,) on C 
obviously implies the WPD property for every loxodromic element. Recall also that pseudo- 
anosov elements are precisely the loxodromic elements with respect to this action. Thus again 



(a) follows from Theorem 6.8 Part (b) follows immediately from Proposition 6.28 6.26 and 
Lemma 16.461 □ 



A similar result holds for outer automorphism groups of free groups. Recall that given 
Fn, and a finite family / of iwip elements in Out{Fn), Bestvina and Feighn [23J constructed a 
hyperbolic complexes on which Out{Fn) acts so that the action of the elements of the family / 
is loxodromic and satisfies the WPD condition. As above, this gives the following. The claim 
about rotating families follows as explained in the beginning of this section. Unfortunately the 
Bestvina-Feighn construction is not uniform, so result about rotating families is a bit weaker 
than the one in Theorem 16.471 

Theorem 6.48. Let Fn be the free group of rank n, gi,. . . ,gk a collection of pairwise non- 
commensurable iwip elements. Then {E{gi), . . . , E{gk)} Out{Fn), where E{gi) is the 
unique maximal elementary subgroup containing gi, i = 1, . . . ,k. In particular, for every 
a > 0, there exists n £ N such that the collection of cyclic subgroups {{g^ ) \ i = 1, . . . ,k} is 
a-rotating. 

A similar argument works for the Cremona groups. Recall that the n-dimensional Cremona 
group over a field k is the group Bir(PJ^) of birational transformations of the projective space 
In [38], Cantat and Lamy used the Picard-Manin space to construct a hyperbolic space 
on which the group Bir(PJ^) acts. In fact, Hj is the infinitely dimensional hyperbolic space 
in the classical sense. 

Further, Cantat and Lamy introduce the notion of a tight element of a group G acting on 
a hyperbolic space S, which can be restated as follows (see paragraph 2.3.3 and [Lemma 2.8] 
in [38]). An element g G Bir(P^) is tight if the following conditions hold. 

(Ti) g acts on S loxodromically and has an invariant geodesic axes Ax{g). 

(T2) There exists C > (C = 20 in the notation of [38j) such that for every e > C there 
exists B > such that if 

diam(Ax(5)+^ n f{Ax{g))^') > B 
for some f G G, then f{Ax{g)) = Ax{g). 
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(Ta) If for some / E G we have f{Ax{g)) = Ax{g), then / ^gf = g^^. 

In [38] it is shown that generic (in a certain precise sense) transformations from Bir(P^) are 
tight with respect to the action on the hyperbohc space Hj. 

We will also need the following result proved in [27] , which is actually a consequence of the 
proof of Theorem B in [37]. 

Lemma 6.49. Let g G Bir(P^) be a loxodromic element with respect to the action on Hj. 
Then the centralizer of g in Bir(P^) is virtually cyclic. 

Let now g S Bir(P^) be a tight element and let 

E{g) = {fe Bir(p2 ) | f{Ax{g)) = Ax{g)}. 
Condition (T3) implies that the centralizer of g in Bir(P?.) has index at most 2 in E{g). Hence 



by Lemma 6.49, E{g) is virtually cyclic. This means that (g) has finite index in E{g), which in 
turn implies that the action of E{g) on Hj is proper since g is loxodromic (see (Ti)). Further 
let s be any point of Ax{g). Then dHau{E{g){s), Ax{g)) < 00 and hence E{g){s) is quasi- 
convex. Finally observe that (T2) implies that E{g) is a geometrically separated subgroup 
of Bir(P^) with respect to the action on H^. Thus Theorem 4.42 applies and we obtain the 
following. 

Corollary 6.50. Let g be a tight element of the Cremona group Bir(P^). Then there exists 
an elementary subgroup E{g) of Bir(P^) which contains g and is hyperbolically embedded in 
Bir(P^). In particular, Bir(P^) contains a non- degenerate hyperbolically embedded subgroup. 

7 Dehn filling 

7.1 Dehn filling via rotating families 



Recall a definition of relative hyperbolicity, which is equivalent to Definition 3.9 for countable 
groups (see ^78^ §2, §5, Theorem 5.1] for this equivalence, and for the definition of horoball in 
what follows). 

Definition 7.1. Let G be a countable group, and V a family of subgroups, closed under 
conjugacy. 

One says that G is hyperbolic relative to V (or to a set of conjugacy representative of V 
in G) if G acts properly discontinuously by isometrics on a proper geodesic J-hyperbolic space 
X, such that, for all L > 0, there exists a G-invariant family of closed horoballs Ti of X such 
that 

(a) Ti is -L-separated: any two points in two different horoballs of T-L are at distance at least 
L 

(b) the map ip ■.% defined by ip{H) = StabdH) is a bijection 
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(c) G acts co-compactly on X \ (U/feW ^) ■ 
The horoballs can be chosen so that they don't intersect any ball given in advance, and 



they can be assumed to be 4(5-strongly quasiconvex (see Lemma 3.4). It is clear that if L > 506, 



A{7i) = (see Section 5.3 for the definition of A{7i)). 

The family V is finite up to conjugacy in G, and it is convenient to consider representa- 
tives Pi, . . . ,Pn of the conjugacy classes. We will also say that G is hyperbolic relative to 

{Pl,...,Pn}. 

In the following, we propose a specific cone-off construction over such a space X, and 
proceed to an argument for the Dehn filling theorem jl05l [66j through the construction of very 
rotating families. Recall that this theorem generalizes a construction of Thurston on hyperbolic 
manifolds, and states that for all group G that is hyperbolic relative to {Pi, . . . ,Pn}, there 
exists a finite set F C G'\{1} such that whenever one considers groups Ni <\ Pi avoiding F, the 
quotient G = G / {{UiNi)) is again relatively hyperbolic, relative to the images of the parabolic 
groups which are Pi/Ni. 

Our motivation for this construction of rotating family is to get a good control on the 
spaces appearing in the proof, and in particular the hyperbolic space on which the quotient 
group G acts. Indeed, consider for instance the case of groups Ni of finite index in Pj. Even 
though in this case the Dehn fillings are hyperbolic when the theorem applies, there is in 
principle no good control on the hyperbolic constant of their Cayley graph (for the image of a 
fixed generating set of G). In fact since big finite subgroups appear, the hyperbolicity constant 
has to go to infinity with the index of Ni in Pj. On the contrary, the original construction 
of Thurston, on finite volume hyperbolic manifolds, provides hyperbolic compact manifolds 
of controlled volume. This is the phenomenon that we want to capture here, in statements, 
even if it was already implicitly present in the proofs of the Dehn filling theorems for relatively 
hyperbolic groups |105t I66j. It turns out that rotating families are well suited for that. This 
aspect will be used in the forthcoming work of the two first named authors characterizing the 
isomorphism class of a relatively hyperbolic group in terms of its Dehn fillings. 

If X is a (5c-hyperbolic space and % a 50(5c-separated system of horoballs, coning o ff the 
horoballs of % yields a hy perbo lic space: X = C{X,'H,ru) is J^y-hyperbolic by Corollary 
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with 6c, ru as in Theorem 5.27 However, this does not produce a very rotating family on X. 
Indeed, for any parabolic element g, there are points very deep in a horoball of X moved by 
5 by a small amount. This prevents g to be part of a very rotating family on the cone-off X, 
since such points have to be close to the apex. This is why we modify our construction to 
remove all those bad points. 

First, define Xq = X \ (U^g-^iJ) C X. Denote hy C C X the set of apices. For c £ C, 
denote by He G T-L the corresponding horoball, and by dHc = He \ He the corresponding 
horosphere (where He is the interior of He in X). We also denote by He C X the cone on He- 

For each c € C, let B"{c) C He be the set of points x in a radial segment [c,x] with 
X G dHe. Then we define X" C X as X" = XqU {[JeeC B"{c)). 

Lemma 7.2. X" is 6u -quasiconvex in X . 
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Proof. We first remark that if a, 6 G B"{c) for some c E C, then by hyperbolicity of X, [a, 6] 
is contained in the ^(/-neighborhood of the radial segments [a,c], [c, 5] which are contained in 
X". 

Now consider a geodesic [x",y"] of X between two points x" ,y" G X" . We need to prove 
that [x",y"] C X"+^u _ Since X \ UcecHc C X", we only have to control [x",y"] n He for any 
given c. Consider a, 6 the first and last point of [x" , y"] that lie in He- Since the boundary of 
He in X is dHc, either a = x" , or a G dHc- In both cases, a £ B"[c). Similarly, h G B"{c), so 
by our initial remark, [x" , y"] H He is in the ^[/-neighborhood of X" . □ 



Now consider the subset of X defined by X' = {X")^^^^^ . Then by Lemma 3.4, X' is 
2(5c/-strongly quasiconvex in X, and d^ < dx' < dj^ + S5u- In particular, X' endowed with the 
induced path metric dx' satisfies the 8(5;7-hyperbolic inequality, and is therefore 5p = 2>25u- 
hyperbolic. 

Definition 7.3. Let tq > rjj, and 5e as in Theorem 5.27[ Let X be a (5c-hyperbolic space, and 
v. a 50(5c-separated system of horoballs. We define the parabolic cone-off C {X^H^ro) as the 
subset X' d X defined above. 

This is a (5p = 325[7-hyperbolic space containing X \ (Uhg-hH), all the apices of X, and all 
geodesies joining any two points in C U X \ (UHeHB). 

To sum up, X' is a thickening of the space X" , which is a kind of cone-off on the horospheres 
ofXo = X\{UHenH). 

Note that, if X is a (5c-hyperbolic space, there is no further rescaling involved for defining 
the parabolic cone-off. In particular, modifying the choice of Ti does not imply any further 
rescaling. 

Lemma 7.4. For each c G C, and each x G He H X' with dx'{x,c) < ro — lOOSjj, the radial 
segment [x,c] is contained in X' , and d^(x,c) = 6.x'{x,c). 

Proof. By definition of X', there exists x" G X" such that dj^[x,x") < 905u. In particular, 
x" G B"(c), so [c, x"] C X". Now we claim that the map the radial homothety (r, y) i— )• (Ar, y) 
contracts distances for A < 1. Indeed, for all r,r',6, 

— (cosh Ar cosh Ar' — cos 9 sinh Ar sinh Ar') 
dA 

= (r — cos 6r') sinh Ar cosh Ar' -|- (r' — cos Or) cosh Ar sinh Ar' 
> (r — r') (sinh Ar cosh Ar' — cosh Ar sinh Ar') 
= (r — r') sinh(A(r — r')) > 0. 

It follows that the radial segment [c,x] is contained in X'. Since this segment is geodesic in 
X, dj;r{x,c) = dx'{x,c). □ 

Lemma 7.5. For all c G C, and x G X' with W06u < dx'{x,c) < ro — W05u, the radial 
projection of x on X lies in the M (ro) -neighborhood of dHc (for the distance in X). 
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Recall that Af (rg) = 2L(ro)ro was defined in Lemma 



5.26 



G B"{c). By 
5.26, the radial 



Proof. Consider x" G X" such that dj^(x,x") < 90(5(7, so in particular, x' 
triangular inequality, no geodesic of X from x to can contain c. By Lemma 
projections of x,a;" satisfy dx{p,p") < M(ro). By definition of B"{c), p" £ dHc which 
proves the lemma. □ 

Proposition 7.6. Let G be countable group, hyperbolic relatively to {Pi, ■ ■ ■ , Pn}- Let r^ > ru, 
and X be a proper 6c~hyperbolic space as in Definition 1 7. 1\ Consider R ^ 50(5^? and 3~L a R- 



separated system of horoballs. Let X' be the corresponding parabolic cone-off, with C C X' its 
set of apices. Then for each parabolic subgroup Pi, there exists a finite subset Si C Pi\{l}, 
such that, if a normal subgroup Ni <l Pi avoids Si, then the family IZ of G-conjugates of Ni 
defines a very rotating family {C,1Z) on X' . 

Remark 7.7. The assumption that X is 5c-hyperbolic is not a restriction thanks to rescaling 
(once given tq). 



The proof reduces to a situation similar to that Proposition 5.30 (where we cone-off on 
quasiconvex subspaces, with subgroups of large injectivity radius). 



Proof. As shown before Definition 7.3, X' is 5p = 32(5[7-hyperbolic. The fact that {C,TZ) is a 



rotating family on X' is clear. We need to prove the very rotating condition. 

For each i, let Hi C X be the horoball of T-L fixed by Pi, and Ci £ C the corresponding cone 
point. Since G acts cocompactly on X\ (UhghH), Pi acts cocompactly on dHi. Let Ki C dHi 
be a compact set such that PiKi = dHi. Let Si C Pi \ {1} be the set of elements g such that 
there exists some x G Ki with dx{x,gx) < lOM(ro). Since the action of G on X is proper. Si 
is finite. Note that if Ni is a normal subgroup of Pi avoiding Si, then any g G Ni\{l} moves 
all points of dHi by at least lOM(ro) (for the metric in X). 

By equivariance, it is enough to prove the very rotation condition at the apex Cj for all 
i. Consider x,y G X' such that 206p < dx'{x,Ci) < 306p, and dx'ix, gy) < 156p for some 
g G Ni \ {1}. Note that since 305p < W'^6i/ < ro — W06u (see beginning of Section 5.3), the 
radial segments [cj , x] , [q , y] are contained X' by Lemma |7.4[ 

We claim that [x, q] U [ci,y] is geodesic in X. 
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this will ensure that 



By Proposition 

there is no other geodesic in X, hence in X' , and the very rotating condition will follow. 

Consider Px,Py G Hi the radial projections of x and y. By Lemma [73} py is at distance 
at most M(ro) from some point q G dHi, so dxipy, gpy) > dx{q,gq) — 2M{ro) > 8M(ro). On 
the other hand, d^{px,gpy) < d^{px,x) + dx'{x,gy) + dj ^{gy, gpy) < (ro - 205p) + (15(5p) + 
(ro - 20<5p) 

^x{Py,gPy) 



< 2ro, so dxiPx,gPy) < M{ro) by Lemm a 
- dx{gPy,Px) > 7M{ro). By Lemma 
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It follows that dx{px,Py) > 
the concatenation of radial segments 
This implies that [x,Ci] U [ci,y] is geodesic in X, as 

□ 



[pajjCj] U [ci,Py] is a geodesic in X. 
claimed. 

Corollary 7.8. Under the assumptions of Proposition [TTfil consider N <\ G the normal sub- 
group of G generated by groups Ni defining the rotating family, and n : X' ^ X' /N the quotient 
map. 
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Consider p & X and r such that Bxip,r) is disjoint from %. Then tt is injective in 
restriction to Bx{p,r), and for any g & N \ {1}, g.Bx{p,r) Bx{p,r) = 0. 

Moreover, it is isometric in restriction to Bx{p,r /3): for x,y € Bx{p,r/3), dxix,y) = 
(ix'{x,y) = dx7Ar(7r(x),7r(y)). 

Proof. First note that for any x G Bxip,r), any path of length < r in X' with origin p 
cannot exit Bx{p,r), so dx{p,x) = dx'{p,x), and Bx{p,r) = Bx'{p,r). To prove the first 
assertion, consider on the contrary x,y G Bxip,r), such that x = gy for some g £ N \ {1}. 



By the quahtative Greendhnger Lemma 5.16, any geodesic [x,y] in X' contains an apex. Since 
Bx'ip,r) is 26p quasiconvex, this apex is at distance at most r + 25p from p, a contradiction 
since Jp is small compared to tq. 

To prove the second assertion, consider x,y £ Bx{p,r /3). If dx'/Nix,y) < dx'{x,y), then 
there exists g £ N \ {1} such that dx'ix, gy) < dx'{x,y). In particular, both y and gy are in 
Bx{p,r), which contradicts the first assertion. □ 

Theorem 7.9. Let G be a group hyperbolic relatively to {Pi, ■ ■ ■ ,Pn}- Let {gi, . . . ,gn} C G 
be a finite generating set, R > 0, and Bji{G) the ball of radius R in the corresponding Cayley 
graph of G. 

Then, there exists a finite set S C G\{1} such that whenever Ni <] Pi is of finite index and 
avoids S, the quotient G / {{UiNi)) is hyperbolic, and the quotient map is injective in restriction 
toBniG). 

Moreover {{UiNi)) is a free product of conjugates of Ni 's, and its elements are either con- 
tained in some conjugate of Ni or are loxodromic (as elements of the relatively hyperbolic group 
G). 

Proof. Let rg = r^/, and consider a hyperbolic space X associated to the relatively hyperbolic 
group {G,V), and with a base point p £ X. Assume without loss of generality that X is 5c 
hyperbolic. 

Let d be such that dx{p, gip) < d for each generator gi of G. Choose a system of horoballs 
that is max(30, i?(i)-separated, and that avoids the ball B(p, 2Rd). Let X' be the corresponding 



parabolic cone-off. By Proposition 7.6, there exists a finite set S C G\{1} such that the groups 
Ni define a {Rd + 2ro)-separated very rotating family of X' . Let X' = X' /N where the 
normal subgroup of G generated by UiNi. 

Let us prove that the ball in the Cayley graph of G injects in G. Consider u,v £ Bfi{G) 



two words of length < R with uv ^ £ N. Since up,vp £ Bx{p,dR), Corollary 7.8 prevents 
that uv-^ £ N\{1}, so u = V, and the injectivity follows. 



By Proposition 5.20, the space X is hyperbolic. Although the action of G on X' is not 
cocompact (because X' contains a ball of radius 905u around an apex in X, hence a cone on 
the full horoball), it is cobounded. We use an ad hoc version of Milnor-Svarc Lemma. 

Consider Xi = X \ UueHH^^^ C Xq the complement of the 10-neighborhood of the 
horoballs of X. Since G acts cocompactly on Xi, consider ai,...,a„ £ Xi be such that 
G.Bx'ioi, 1) D Xi. Let A = G.{ai, . . . ,an} and A its image in X' , and let C be the image 
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of the set of apices in X' . Note that any point of X' is at distance at most 1 from A or at 
distance at most tq + 10 from C. Let T (resp. F) be the graph with vertex set V{T) = AU C 
(resp. V{T) = AU C), where we put an edge between a, a' £ A if dx'{a, a') < 3 and an edge 
between a £ A and c G C if dx'{a,c) < tq + 12 (and similarly for edges in f). Note that 
because the system of horoballs is 30-separated, no points in C are at distance < 2ro + 21, 
which explains why we dont add edges joining vertices in C. One has that G acts on T and 
that r = T/N. One can define a Lipschitz map from f to X' by sending edges to geodesies. 
The proof of Milnor-Svarc lemma shows that this map is a quasi-isometry between T and X' 
(see for instance ^32,, p. 141]). It follows that T is hyperbolic. 



Now G/N acts on T with finitely many orbits of vertices. By Corollary 7.8 for any adjacent 



vertices a, a' G A, dx{a,a') = dx'ia,a'). Since the action the action of G on X is proper, 
vertices of ^4 in F have finite valence, and have finite stabilizer. This implies that this is also 
the case for vertices of A in f. Let Cj be the apex corresponding to a parabolic group Pi. Since 
Pi acts properly cocompactly on the 12-neighborhood of dHi in X, there are only finitely many 
Pj-orbits of edges in T containing the vertex Cj. Since Ni has finite index in Pi, Ci has finite 
valence in f, and its stabilizer is finite. This proves that f is a locally finite graph, and that 
G/N acts properly cocompactly, so G/N is hyperbolic. 



Finally, Proposition 7.6 says that the groups Ni define a very rotating family on X' , so 
Theorem |5.15| applies and says that A'^ is a free product of conjugate of A'^j's, and that any 
element of N not conjugate to some Ni is loxodromic in X' . Such an element is necessarily 
loxodromic in X. □ 



7.2 Diagram surgery 

The goal of this section is to prove some auxiliary results about van Kampen diagrams over 
Dehn fillings of groups with hyperbolically embedded subgroups. These results will be used in 



the next section to prove Theorem 7.19, Our exposition follows closely |l05j . In fact, we could 
refer to |105| for proofs and just list few necessary changes. However, since Theorem 7.19 is 
one of the main results of our paper we decided to reproduce the proofs here for convenience 
of the reader. 

Throughout this section, let G be a group weakly hyperbolic with respect to a collection 



of subgroups {i^AlAeA and a subset X C G. By Lemma 4.9 there exists a bounded reduced 
relative presentation 

G = {x,n\nus) (72) 

of G with respect to {Hx}x£A and X with linear relative isoperimetric function. Recall that 
S is the set of all relations in the alphabet 

n=l\{H,\{i}) 

AeA 

that hold in the free product *x^\Hx and TZ F normally generates the kernel of the ho- 



momorphism F ^ G, where F = F{X) * (*agA^a)- We refer the reader to Section 3.3 and 
Section mi] for details. 
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Given a collection ^ = {A'';^}agAi where Nx is a normal subgroup of Hx, we denote by N 
the normal closure of Uaga^-'^ ^ G = G/N. 

We fix the following presentation for G 

G = {X,'H\SunuQ), (73) 

where Q = IJasA S-'^ consists of all words (not necessary reduced) in the alphabet 

Hx \ {1} representing elements of Nx in G. 



In this section we consider van Kampen diagrams over (72) of a certain type. More precisely, 



we denote by V the set of all diagrams A over (72) such that: 

(Dl) Topologically A is a disc with A; > holes. More precisely, the boundary of A 
is decomposed as dA = 9ext A U dintA, where 9extA is the boundary of the disc and dintA 
consists of disjoint cycles (components) ci, . . . that bound the holes. 

(D2) For any i = 1, . . . ,k, the label (^(cj) is a word in the alphabet Hx \ {1} for some A G A 
and this word represents an element of Nx in G. 

The following lemma relates diagrams of the described type to the group G. 

Lemma 7.10. A word W in X WH represents 1 in G if and only if there is a diagram A G D 
such that {p(dext^) = W . 



Proof. Suppose that S is a disc van Kampen diagram over (73). Then by cutting off all 
essential cells labeled by words from Q (Q-cells) and passing to a 0-refinement if necessary 
we obtain a van Kampen diagram A G P with (f(dext^) = (/'(9S). Conversely, each A G D 



may be transformed into a disk diagram over (73) by attaching Q-cells to all components of 

dintA. □ 



In what follows we also assume the diagrams from 2? to be endowed with an additional 
structure. 

(D3) Each diagram A G P is equipped with a cut system that is a collection of disjoint 
paths (cuts) T = {ti, . . . ,tk} without self-intersections in A such that (ti)+, (tj)- belong to 
dA, and after cutting A along ti for all i = 1, . . . ,k we get a connected simply connected 
diagram A. 

By x: A — )• A we denote the natural map that 'sews' the cuts. We also fix an arbitrary 
point O in A and denote by fj, the map from the 1-skeleton of A to T(G, X U %) that maps O 
to 1 and preserves labels and orientation of edges. 

Lemma 7.11. Suppose that A G P. Let a,b be two vertices on dA, a,b some vertices on dA 
such that x{a) = a, >i(b) = b. Then for any paths r in V{G,X U Ti) such that r_ = /i(a), 
r+ = ^{b), there is a diagram Ai G P endowed with a cut system Ti such that the following 
conditions hold: 

(a) Ai has the same boundary and the same cut system as A. By this we mean the following. 
Let Ti (respectively T) be the subgraph of the 1-skeleton of Ai (respectively of the 1- 
skeleton of A) consisting of dAi (respectively dA) and all cuts from Ti (respectively T). 
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Figure 25: 



Then there is a graph isomorphism Fi — )• F that preserves labels and orientation and 
maps cuts of Ai to cuts of A and dext^i to dextA. 



(b) There is a paths q in Ai without self-intersections such that = a, g+ 
common vertices with cuts t £ Ti except for possibly a,b, and ip{q) = f{r). 



b, q has no 



Proof. Let us fix an arbitrary path t in A without self-intersections that connects a to 6 and 
intersects dA at the points a and b only. The last condition can always be ensured by passing 
to a 0-refinement of A and the corresponding 0-refinement of A. Thus t = connects a to 
6 in A and has no common points with cuts t £ T except for possibly a,b. Note that 

^(t) = = Mi)) 

as both X, fj, preserve labels and orientation. 

Since connects /i(a) to fi{b) in r{G,X WH), Lp(fj.(i)) represents the same element of 



G as f{r). Hence there exists a disk diagram Si over (72) such that dT,i = piq , where 



ip{pi) = (p{t) and (p{q) = f{r). Let S2 denote its mirror copy. We glue Si and S2 together 
by attaching q to its mirror copy. Thus we get a new diagram S with boundary pip^^, where 
9j(pi) = (p{p2) = ^{t)- The path in S corresponding to q in Si and its mirror copy in S2 is 
also denoted by q. 

We now perform the following surgery on the diagram A. First we cut A along t and 
denote the new diagram by Aq. Let ti and t2 be the two copies of the path t in Aq. Then 



we glue Aq and S by attaching ti to pi and t2 to p2 (Fig. 25) and get a new diagram Ai. 
This surgery does not affect cuts of A as t had no common points with cuts from T except 
for possibly a and b. Thus the system of cuts in Ai is inherited from A and Ai satisfies all 
requirements of the lemma. □ 



Definition 7.12. By an Hx-path in A € P or in A we mean any paths whose label is a 
(nontrivial) word in H\ \ {1}. We say that two such paths p and q m. A £V are connected if 
they are -ffA~paths for the same A G A and there are H\-Y>sXh.s a, 5 in A such that x{a) is a 
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subpaths of p, >c{b) is a subpaths of q, and /u(a), fi{b) are connected in T{G, XWH), i.e., there 
is a path in T{G, X U T-L) that connects a vertex of ^{a) to a vertex of fx{b) and is labelled by 
a word in Hx \ {!}• We stress that the equalities x(a) = p and x{b) = q are not required. 
Thus the definition makes sense even if the paths p and q are cut by the cuts of A into several 
pieces. 

Definition 7.13. We also define the type of a diagram A € P by the formula 

r(A)= (^k,J2l(,U)^ , 

where k is the number of holes in A. We fix the standard order on the set of all types by 
assuming (m, n) < (mi, rii) is either m < mi or m = mi and n < ni. 

For a word W in the alphabet X WH, let ^{W) denote the set of all diagrams A £ D such 
that ip{dextA) = W. In the proposition below we say that a word W in X WH is geodesic if 
any (or, equivalently, some) path in T{G, X WH) labelled by W is geodesic. 

Proposition 7.14. Suppose that W is a word in X WH representing 1 in G, IS. is a diagram 
of minimal type in 'D(VF), T is the cut system in A, and c is a component of dmtA. Then: 

(a) For each cut t £T, the word ip[t) is geodesic. 

(h) The label of c represents a nontrivial element in G. 

(c) The path c can not be connected to an H\-subpath of a cut. 

(d) The path c can not be connected to another component of dint A. 



Proof. Assume that for a certain path t £ T, ip{t) is not geodesic. Let a, b be vertices in A 
such that x(a) = t_, = t+. Let also r be a geodesic paths in T{G,X U T-L) that connects 
fi{d) to /i(^). Applying Lemma |7.1l[ we may assume that there is a path g in A such that 
q- = t-, g+ = i+, and if{q) = ^p{r), i.e., ip{q) is geodesic. In particular, l{q) < l{t). Now 
replacing t with q in the cut system we reduce the type of the diagram. This contradicts the 
choice of A. 

The second assertion is obvious. Indeed if (p{c) represents 1 in G, there is a disk diagram 



n over (72) with boundary label (p{dll) = (/?(c). Attaching 11 to c does not affect 9extA and 
reduces the number of holes in the diagram. This contradicts the minimality of t(A) again. 

Further assume that c is connected to an //;^-subpath e of some r £ T. Then c is an 
H\-path. for the same A G A. Let r = uev. Cutting A along e (to convert e into a boundary 



component), applying Lemma 7.11 and gluing the copies of e back, we may assume that there 
is a path s without self-intersections in A such that s_ = e_, s+ E c, and ip{s) is a word in 
Hx \ {1}- Moreover passing to a 0-refinement, we may assume that s has no common vertices 
with the boundary of the diagram, paths from T\ {r}, u, and v except for s- and s+. Now we 
cut A along s and e. Let si, S2 be the copies of s in the obtained diagram Ai. The boundary 
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component of Ai obtained from c and e has label (p{c)(p{s)^^ip(e)ip{e)~^ips that is a word in 
Hx \ {1} representing an element of A'^;^ in G. Note also that our surgery does not affect cuts 
of A except for r. Thus the system of cuts Ti in Ai may obtained from T as follows. Since A 
is connected and simply connected, there is a unique sequence 

c = Co, ti, ci, . . . , ti, ci = dext^, 

where cq, . . . ,Q are (distinct) components of dA, ti G T, and (up to orientation) ti connects 



a-i to a, i = (Fig. [26|i). We set Ti = (T \ {r, ti}) U {u, v}. Thus Ai E V{W) and 

r(Ai) < r(A). Indeed Ai and A have the same number of holes and Yl K'^) — ^(0 ~ 1- 

This contradicts the choice of A. 

Finally suppose that c is connected to another component d of dintA, d ^ c. To be definite, 
assume that c and d are labelled by words in Hx \ {1}. Again without loss of generality we 
may assume that there is a path s without self-intersections in A such that s_ G d, G c, 
(p{s) is a word in Hx \ {1}, and s has no common points with dA and paths from T except 
for s- and s+. Let us cut A along s and denote by Ai the obtained diagram (Fig. [26)3). This 
transformation does not affect dextA and the only changed internal boundary component has 
label ip{c)ip{s)^^ ip{d)ip{s) , which is a word in Hx \ {!}• This word represents an element of 
A^A in G as Nx < Hx- We now fix an arbitrary system of cuts in Ai. Then Ai G D{W) and 
the number of holes in Ai is smaller that the number of holes in A. We get a contradiction 
again. □ 

7.3 The general case 

The aim of this section is to prove the general version of the group theoretic Dehn filling 
theorem. We start by recalling the general settings. 

Let G be a group, {-f^AlAeA a collection of subgroups of G, X a subset of G that generates 
G together with the union of .^a's. As usual, dA denotes the corresponding distance function 
on Hx defined using T{G,X U Ti). Given a collection 9^ = {A^aIasA of subgroups of G such 
that A^A <1 Hx for all A G A, we define 

sf^n) = min min dxil.h). 

xeAheNx\{i} 

The it Dehn filling of G associated to this data is the quotient groups 

G = G/((]J\gANx))'' . 
Let X be the natural image of X in G and let 

n= [j{Hx/Nx)\{l}. 

AeA 

Our main result is the following result. When talking about loxodromic, parabolic, or 
elliptic elements of the group G or its subgroups (respectively, G) we always mean that these 
elements are loxodromic, parabolic, or elliptic with respect to the action on T{G, X U T-L) 
(respectively, T{G, X U V.)). 
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Theorem 7.15. Suppose that a group G is weakly hyperbolic relative to a collection of sub- 
groups {H\}x^\ and a relative generating set X. Then there exists a constant R > such that 
for every collection ^Tl = {Nx < H\ | A G A} satisfying 

> R, (74) 

the following hold. 

(a) The natural map from Hx/N\ to G is injective for every A G A. 

(b) G is weakly hyperbolic relative to % and X. 

(c) The natural epimorphism e: G ^ G is injective on X. 

(d) Every element of Ker{£) is either conjugate to an element of N\ for some A G A or 
is loxodromic. Moreover, translation numbers of loxodromic elements of Ker{e) (with 
respect to the action on T(G, X UH)) are uniformly bounded away from zero. 

(e) Ker{e) = *agA *teTx for some subsets T\ C G. 

(f) Every loxodromic (respectively, parabolic or elliptic) element of G is the image of a lox- 
odromic (respectively, parabolic or elliptic) element of G. 



The proof of parts (a)-(c) of Theorem 7.19 repeats the proof of the main result of |105j . 



It consists of a sequence of lemmas, which are proved by induction on the rank of a diagram 
defined as follows. We assume that the reader is familiar with the terminology and notation 
introduced in the previous section. Let 

R = AD, (75) 



where D = D{2, 0) be the constant from Proposition 4.14 



Definition 7.16. Given a word W in the alphabet X WH representing 1 in G, we denote by 
q{W) the minimal number of holes among all diagrams from !){]¥). Further we define the 
type of W by the formula 9{W) = {q{W), \\W\\). The set of types is endowed with the natural 



order (as in Definition 7.13). 



The next three results are proved by common induction on q{W). Recall that a word W 
in X is called (A, c)-quasi-geodesic (in G) for some A > 1, c > 0, if some (or, equivalently, 
any) path in T{G, X UTi) labelled by W is (A, c)-quasi-geodesic. 

Lemma 7.17. Suppose that W is a word in the alphabet X WH representing 1 in G and A is 
a diagram of minimal type in T>{W). Then: 

(a) Assume that for some A G A, p and q are two connected H\-subpaths of the same 
component c of dint A, then there is an H\-component r of OA such that p and q are 
subpaths of >c{r). 
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Figure 27: 



(h) IfW is {2,0) -quasi-geodesic and q{W) > 0, then some component of dint ^ is connected 
to an H\-subpath of dext^ for some A G A. 

(c) If W is a word in the alphabet Hx \ {1} for some A G A, then W represents an element 
ofNx in G. 

Proof. For q{W) = the lemma is trivial. Assume that q(W) > 0. 

Let us prove the first assertion. Let x (respectively y) be an ending vertex of a certain 
essential edge of p (respectively q). Passing to a 0-refinement of A, we may assume that x 
and y do not belong to any cut from the cut system T of A. Applying Lemma |7. 11 we get a 



paths s in A connecting x to y such that ip{s) is a word in the alphabet Hx \ {1} and s does 
not intersect any path from T. Let us denote by H the subdiagram of A bounded by s and the 



segment u = [x, y] of c^^ such that H does not contain the hole bounded by c (Fig. 27). 

Note that V = '■p{d'S) is a word in the alphabet Hx \ {1} and qiV) < q{W). By the third 
assertion of our lemma, V represents an element of Nx- Up to a cyclic shift, the label of 
the external boundary component of the subdiagram $] = HUcofAisa word in Hx \ {1} 
representing the same element as ip{c^^)ip{u)~^V^^ip{u) in G. As Nx is normal in Hx and f{u) 
represents an element of Hx in G, ip{dext^) represents an element of Nx in G. If H contains 



at least one hole, we replace S with a single hole bounded by dext^ (Fig- 27). This reduces 
the number of holes in A and we get a contradiction. Therefore H is simply connected. In 
particular, the path u does not intersect any cut from T. This means that p and q are covered 
by the image of the same ^component of 9 A. 

To prove the second assertion we suppose that for every component Cj of 9mtA, no Hx- 



subpath of dext^ is connected to c. Then Proposition 7.14 and the first assertion of our lemma 
imply that each component Cj of dint^ gives rise to //A^components an, ... , an of dA for some 
/ = l{i) such that >i{aij) G Ci, j = 1, . . . ,1, and //(oii), . . . , fJ,{aii) are isolated i?A~components 
of the cycle V = fi{dA) in r(G, XUH.). 

For each component Cj of dint{A), we fix a vertex Oj £ Cj such that Oj = t_ or Oj = t+ for 
some t G T and denote by gi the element represented by (p{ci) when we read this label starting 
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from Oj. Clearly gi G iJ;^. for some Aj G A and 

d^M^g^)<Y,^{^^{a,,)). (76) 
i=i 

The path V may be considered as an n < 4g(l^)-gon whose sides (up to orientation) are 
of the fohowing three types: 

(1) sides corresponding to parts of dext^'-, 

(2) sides corresponding to cuts in A; 

(3) components corresponding to dint^- 

The sides of V of type (1) are (2, 0)-quasi-geodesic in T{G^X U ^) as is (2,0)-quasi- 
geodesic. The sides of type (2) are geodesic in r(G,XU?^) by the first assertion of Proposition 
7.14 Hence we may apply Proposition 4.14| to the n-gon V, where the set of components / 



consists of sides of type (3). Taking into account (76), we obtain 



q(W) 

\9i\^ ^ Y^^^^P) <Dn< 4Dq{W), 
i=i pel 



where D = D{2,0) is provided by Proposition 4.14 Hence at least one element gi G A'^;^. 



satisfies dx^{l, gi) < 4D. According to (75) and (74) this implies i^j = 1 in G. However this 



contradicts the second assertion of Proposition 7.14 



To prove the last assertion we note that it suffices to deal with the case when W is geodesic 
as any element of Hx can be represented by a single letter. Let A be a diagram of minimal 
type in P(VF). By the second assertion of the lemma, some component c of 5j„(A labelled by a 
word in Hx \ {1} is connected to dext^- Applying Lemma 7. 11| yields a path s in A connecting 



dext^ to c such that (/'(■s) is a word in the alphabet Hx \ {1}. Let us cut A along s and denote 
the new diagram by Ai. Obviously the word 

99(Ai) = ifisMcMs'^MA) 

is a word in the alphabet Hx \ {1} and q{ip{Ai)) < q{W). By the inductive assumption, ^p{Ai) 
represents an element of A'^^ in G. Since <^{c) represents an element of Nx and Nx < Hx, the 
word 93(A) also represents an element of Nx- □ 

For a word W in the alphabet X WH representing 1 in G, we set 

-rel , 



Area (W) = min Nt?(A). 
It is easy to see that for any two words U and V \n X VM-L representing 1 in G, we have 

-rei/^,-,,» , — i rel,-rr\ — ; rel 



Area {UV) < Area {U) + Area {V). (77) 
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rel , 



Lemma 7.18. For any word W in XUTi representing 1 in G, we have Area {W) < 3C||VF 



where C is the relative isoperimetric constant of {72) 



-rel , 



Proof. If q{W) = 0, then W = 1 in G and the required estimate on Area (W) fohows from 
the relative hyperbohcity of G. We now assume that q{W) > 1. 

First suppose that the word W is not (2, 0)-quasi-geodesic in G. That is, up to a cychc 



shift W = W1W2, where Wi = 
q{UW2) = q{W), and \\UW2\\ < 



assumption and (77), we obtain 



Area^^W) < 



U in G and \\U\\ < \\Wi\\/2. Note that q{WiU- 



0, 



\W\\ - \\Wi\\/2. Hence ^(C/Wa) < 0{W). Using the inductive 



{WiU- 



) + Area^^\uW2) 



< 



C\\Wi\\+3C (\\W\ 



3G\\W\ 



Now assume that W is (2, 0)-quasi-geodesic. Let A be a diagram of minimal type in 
D(W). By the second assertion of Lemma 7.17 some component c of dmt^ is connected to an 



-ffA~subpath p of dext^ for some A G A. According to Lemma 7.11[ we may assume that there 
is a path s in A connecting c to p+ such that ip{s) is a word in the alphabet Hx \ {!}• We cut 
A along s and denote by Ai the obtained diagram. Up to cyclic shift, we have W = Woip{p) 
and 

Vj(Ai) = Woip{p)^{s)-^ip(c)ip{s). 

Let h be the element of Hx represented by if{p)if{s)~^ip{c)ip{s) in G. Observe that q{Woh) = 
q{ip{Ai)) < q{W). Further since h~^ip{p) is a word in Hx \ {1} representing 1 in G, we have 
h~^ip{p) G Q and hence Area {h~^ip{p)) = 0. Applying the inductive assumption we obtain 



Area''''\w) 



Area''''\Woh) + Area''''\h'^ip{p)) 



-rel 



Area (Wok) < 3C\\Woh\\ < 3G\\W\ 



□ 



Proof of Theorem 7.19. Lemma 7.17 gives part 



Part (b) follows from Lemma 7.18 in the same way as in |105j . Indeed let ei : -F(91) — )• (5 be 
the natural homomorphism, where F{^) = F{X) * {*\e\Hx/Nx). Let £q denote the natural 
homomorphism F — )■ where F is given by Part (a) of the theorem implies that 

Kerei = {eo{n))^^'^\ Now let U be an element of F{^) such that £i{U) = 1, S a 
preimage of U such that ||W^|| = Lemmas 7.18 and 7.10| imply that 



(78) 



i=l 



where fi £ F, Ri £ TZU Q, and the number of multiples corresponding to Ri £ TZ is at most 
3C||Ty||. Applying eq to the both sides of (78) and taking into account that £o{fj^^ Rifi) = 1 
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in whenever Ri G Q, we obtain 



i=l 



where gi G F{m), Pi G £o{n), and / < 3C\\W\\ = 3C\\U\\. 
This shows that G has a relative presentation 

G= {X, n\ S'U£o{R)), 



(79) 



with linear relative isoperimetric function. Hence the corresponding relative Cayley graph is 
hyperbohc by Lemma 4.9, i.e., G is weakly hyperbolic relative to the collection {H\/N\ | A G A} 



and the image of X in G. 

To prove (c), suppose that x = y in G for some x,y £ X. Assume that xy^^ 7^ 1 in G. 
Then q{xy^^) > 0. Let A be a diagram of minimal type in T){xy~^). Since xy~^ is a (2,0)- 
quasi-geodesic word in G, some component of dmt^ must be connected to an i/;j-subpath of 



dext^ by the second assertion of Lemma 7.17 However dext^ contains no f^A^subpaths at all 
and we get a contradiction. 



Parts (d)-(f) follow immediately from Corollary 6.34 and the corresponding results about 
a-rotating families. Indeed by Corollary 6.34 we can assume that the collection {A''a}a6A is 
a-rotating with respect to an action of G on the hyperbolic space K provided by Theorem |6. 33 



and Theorem 5.15 and Proposition |5 . 2 1] apply to the corresponding rotating family. Recall that 
the space K constructed in the proof of Theorem 6.33 contains T{G, XUTi) as a subspace and it 



is obvious from the construction that dnaui^iG, XWH),!!^) < 00. The inclusion of T{G,X\JT-L) 
in K is G-equivariant and hence elements of G which are loxodromic (respectively, parabolic or 
elliptic) with respect to the action on T(G, X UT-L) are also loxodromic (respectively, parabolic 
or elliptic) with respect to the action on K. Thus Theorem 5.15 yields parts (d) and (e). 



Similarly elements of G which are loxodromic (respectively, parabolic or elliptic) with 
respect to the action on r(G,X U H) are also loxodromic (respectively, parabolic or elliptic) 
with respect to the action on K./Rot. Applying Proposition 5.21 we obtain (f). □ 



For hyperbolically embedded collections, we obtain the following. 

Theorem 7.19. Let G be a group, X a subset of G, {H\}\(z\ a collection of subgroups of G. 
Suppose that {Hx}\i^k (G, X). Then for any finite subset Z (1 G, there exists a family of 
finite subsets T\ C H\ \ {1} such that for every collection = {N\ <\ H\ | A G A} satisfying 
N\ n J-\ = the following hold. 

(a) The natural map from H\/N\ to G is injective for every A G A. 

(b) {Hx/Nx}xeA -^h G. 

(c) The natural epimorphism e: G ^ G is injective on Z. 

(d) Every element of Ker{e) is either conjugate to an element of N\ for some A G A or 
is loxodromic. Moreover, translation numbers of loxodromic elements of Ker{e) (with 
respect to the action on r(G, X U %) ) are uniformly bounded away from zero. 
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(e) Ker{e) = *AeA *teTx for some subsets T\ C G. 

(f) Every loxodromic (respectively, parabolic or elliptic) element of G is the image of a lox- 
odromic (respectively, parabolic or elliptic) element of G. 



Proof. Let R be the constant chosen as in the proof of Theorem 7.15| (see (75)). Note that 

is finite as {H\}\,z\ G. Then parts (a) and (d)-(f) follow from the corresponding parts of 
Theorem 7.15 To prove (b) note that in the notation of the proof of Theorem 7.15[ we can 
assume that (72) is strongly bounded and hence so is (79). Therefore, {H\/N\}\^\ {G, X). 
Finally note that we can assume that Z X without loss of generality (see Corollary 4.27). 
This and Theorem 7.15 (c) give part (c). □ 



8 Applications 

8.1 Mapping class groups and Out(Fn) 
We start with applications to mapping class groups. 

Theorem 8.1. Let T, be a (possibly punctured) orientable closed surface. Then there exists n 
such that for any pseudo-anosov element g G AiCQ{Ti), the normal closure of g^ is free and 
purely pseudo-anosov. 



Proof. Theorem 6.47 says that there exists n > such that for any pseudo-Anosov element, 
the collection of conjugates of the cyclic group {g"^) is 100-rotating. More precisely, these 
groups form a very rotating family for the action of G on some cone-off X of the curve graph 



of S. Theorem 5.15 then says that the subgroup N generated by all conjugates of {g^) is a 
free products of a subset of these cyclic groups. It also says that for any element h G \ {1}, 
either h contained in a some conjugate of (5") (in which case it is clearly pseudo-Anosov), or 
h acts loxodromically on X. In this case, h acts loxodromically on the curve complex, and h 
is pseudo-Anosov. □ 



Recall that a subgroup H < AiCG{Ti) is reducible if it fixes a simple closed curve. By 
Ivanov's theorem [Hi], this happens if and only if H contains no pseudo-Anosov element. In 
the spirit of some constructions of infinite periodic groups, we can also obtain the following. 

Theorem 8.2. Let S be an orientable surface, possibly with punctures. Then, there exists a 
quotient of its Mapping Class group it : AiCG{Ti) — )• Q such that, 

(a) vr is injective on each reducible subgroup 

(b) for all element g S MCQiTi), either T^{g) has finite order, or iT{g) G 7r(/7) for some 
reducible subgroup H < J^CQ{T,). 
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To prove Theorem 8^ we construct by induction a sequence of quotients using repeatedly 
the argument of Theorem 8.1 



Proof. Observe that in the exceptional cases, (i.e., when Sg+p—A < 0), AiCG(T,) is hyperbolic. 
Moreover, the reducible subgroups are the subgroups of the stabilizers of multicurves, which 
consist of finitely many conjugacy classes of finite or virtually cyclic subgroups. Thus, the 
result is well known in this case. We assume 3g + p — 4 > 0. 

Let {gn)n>i be an enumeration of the pseudo-Anosov elements of M.CQ(Ti). Let Qo = 
AiCG(Ti). We want to prove that, for all n > 1, there is a quotient 7r„ : Qn-i — >• Qn injective 
on (the image of) each reducible subgroup, and such that the image of gn in Qn is either of 
finite order or equals the image of a reducible element. Indeed, if such a quotient is found, The 
theorem holds with Q = G/Qoo where Qoo = Clnyi 7r„ o • • • o vri. 

Our induction hypothesis is the following. The group Q„ acts acylindrically, co-boundedly 
on a hyperbolic graph /C„, and the elliptic elements are precisely the images of the reducible 
elements of A^Ca(S). 

This is satisfied for n = 0, by theorems of Masur-Minsky, and Bowditch (recalled in Lemma 



6.46). 



Assume it is satisfied for n — 1. Consider gn, and its image in Qn-i- If it is elliptic on 
JCn-i, then taking Qn = Qn-i and vr^ to be the identity is suitable. 

Assume then that gn is loxodromic in /C^-i (the argument that we are going to give now 
is similar to that of Theorem 8.1, but with /Cn_i replacing the curve complex). The action of 
Qn-i on the graph /C^-i is acylindrical, therefore by Proposition 6.28, we can choose m so that 
the family of conjugates of satisfy the (^Oi £o)-small-cancellation condition (the constants 
are those of Proposition 6.23). Then, Proposition 6.23 can be applied, which ensures that, for 
the constants defined there (which are universal), the cone-off space /C^-i = C{XICn-i, Qg^,ro) 
along the axis of 5™ (and its conjugates) is (5(/-hyperbolic and carries a 2ro > 1005[/-separated 
very rotating family consisting of conjugates of 5™. The group generated by this family is 
denoted by Rotn- 

The action of Qn-i on ICn~i is still acylindrical, by Proposition 5.29 

Then we define Qn = Qn-i/ Rotn and /C^ = K-n-i/ Rotn- By Proposition 5.20, /C^ is 
hyperbolic. By construction, the action of Qn on K.'^ is also co-bounded. Also, by Theorem 



5.15 any element of Rotn \ {1} is either conjugate to a power of gn, or acts loxodromically on 
1, so Rotn \ {1} contains no element elliptic in /C„_i. It follows that the quotient map 
1 — ^ Qn is injective on the image of each reducible subgroups in Qn-i- 



T^n • Qn 



Proposition 5.21 ensures that elliptic elements in the quotient are images of elliptic elements 
in the cone-off, namely elliptic elements on fCn-i or elements conjugate in the maximal virtually 
cyclic group containing gn- 

Since we showed that the action of Qn-i on K,n-i is acylindrical, by Proposition 5.22, the 
action of Qn on /C[^ also is acylindrical. Finally, /C^ is not a graph but one can replace it by 

Clearly, /C„ is hyperbolic, Qn still acts coboundedly and 
and the elements elliptic in /C^ and /C„ are the same. □ 



a graph /C„ thanks to Lemma 5.23 
acylindrically on /C< 
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The next theorem is useful for proving results about subgroups of mapping class groups. 

Theorem 8.3. Let T, be a (possibly punctured) closed orientable surface. Let G < AdCGCS) be 
a subgroup, that is not virtually abelian. Then G has a finite index subgroup having a quotient 
Q such that Q contains a non- degenerate hyperbolically embedded cyclic subgroup. 



Proof. Suppose that our surface has genus g and p > punctures. The proof is by induction on 
the complexity. We first take care of surfaces for which 3g+p—4 < 0. In these cases, AiCG (S) is 
finite for {g,p) G {(0, 0), (0, 1), (0,2), (0,3)} and virtually free for {g,p) £ {(0,4), (1, 0), (1, 1)}. 



The result is thus clear in these cases (see for instance Theorem 6.1). 



Assume now that 2>g + p — 4 > 0. Since MCG{Ti) is virtually torsion free, we can assume 



that G is torsion-free. If G contains a pseudo-anosov element, then by Theorem 6.1 and Lemma 



6.46 G contains a hyperbolically embedded infinite cyclic subgroup (it is proper since G is not 
cyclic). Note that we use here the well-known (and easy to prove) fact that a torsion free 
virtually cyclic group is cyclic. 

If G does not contain a pseudo-anosov element, we use Ivanov's theorem which states that 
any subgroup of AiCQ{T,) containing no pseudo-anosov element is either finite, or preserves 
a multicurve [ST]. The stabilizer of a multicurve has a finite index subgroup i?o such that 
there is a morphism ip : Rq ^ ]^^A1C^(Ej), where \LeTip is abelian, and Sj are surfaces with 
lower complexity. Denote by Gi the image of G n i?o in AiCQiTji). If all the groups Gi are 
virtually abelian, then G is virtually solvable, hence virtually abelian by the Tits alternative 
for AiCQ{Tj) [81]. Otherwise, by induction, some Gi has a finite index subgroup having a 
quotient Q satisfying the conclusion of the Theorem, and the result follows. □ 



We will see below that Theorem 8.3 implies that a subgroup of AiCQiTi) that is not virtually 
abelian is SQ-universal. This allows to reprove various (well-known) non-embedding theorems 
for lattices in mapping class groups. Compare the following corollary to |58j . 

Corollary 8.4. Let be a (possibly punctured) closed orientable surface. Then every subgroup 
of AiCQ(Ti) is either virtually abelian or SQ-universal. In particular, every homomorphism 
from an irreducible lattice in a connected semisimple Lie group of M-rank at least 2 with finite 
center to MCG{Y^) has finite image. 



Proof. Let G < MGG. Suppose that G is not virtually abelian. By Theorem |8.3[ G has a finite 
index subgroup Go having a quotient Q containing a non-degenerate hyperbolically embedded 



subgroup. By Theorem 8.6 proved below, Q (and hence Go) is SQ-universal. By a theorem of 
P. Neumann [98] (who attributes the result to Ph. Hall), a group containing an SQ-universal 
subgroup of finite index is itself SQ-universal. Hence G is SQ-universal. 

The claim about lattices easily follows from the Margulis normal subgroup theorem. Indeed 
the latter says that every normal subgroup of an irreducible lattice F in a connected semisimple 
Lie group of R-rank at least 2 is either finite or of finite index. In particular, F contains 
only countably many normal subgroups. On the other hand, every countable SQ-universal 
group G has uncountably many normal subgroups. Indeed, every single quotient of G has 
only countably many finitely generated subgroups while the number of isomorphism classes of 



121 



finitely generated groups is continuum. Tlius the definition of SQ-universality implies tliat G 
lias continuously many quotients. Thus the image of T in MCQ{T?) is virtually abelian and 
consequently it is finite finite (say, by the same Margulis theorem). □ 

Similarly to Theorem |8.1[ we obtain the following. 



Theorem 8.5. Let Out{Fn) he the outer automorphism group of a free group. For any iwip 
element g £ Out{Fn), there exists m such that the normal closure of g"^ is free and purely iwip. 



Proof. The proof is analogous to that of Theorem |8.1| modulo Theorem 6.48 In addition, we 
only need to refer to [23, Proposition 4.24], which implies that every element acting loxodromi- 
cally on the Bestvina-Feighn graph is iwip. □ 

8.2 Largeness properties 

The main purpose of this section is to obtain some general results about groups with non- 
degenerate hyperbolically embedded subgroups. For the definitions and a survey of related 
results we refer to Section 12. 5[ 



Theorem 8.6. Suppose that a group G contains a non- degenerate hyperbolically embedded 
subgroup. Then the following hold. 

(a) The group G is SQ-universal. Moreover, for every finitely generated group S there is a 
quotient group Q of G such that S Q- 

(b) The group G contains a non-trivial free normal subgroup. 

(c) dimQH{G) = oo, where QH(G) is the space of homogeneous quasimorphisms. In par- 
ticular, dimff^(G, M) = oo and G is not boundedly generated. 

(d) The elementary theory of G is not superstable. 

Proof. We start with (a). Note first that SQ-universality of G follows easily from Theorems 
|6.14| and 7.19 Recall the following definition. 



Definition 8.7. A subgroup A of a group B satisfies the congruence extension property (or 
CEP) if for every normal subgroup N A one has A n {{N))^ = N (or, in other words, the 
natural map from A/N to B / {{N))^ is injective. 

Obviously, the CEP is transitive: if ^ < 5 < C, ^ has the CEP in B, and B has the CEP 
in C, then A has the CEP in C. 



Let Fn denote a finitely generated free group of rank n. By Theorem 6.14, there exists a 
hyperbolically embedded subgroup H of G such that H = F2 x K{G). Obviously F2 has the 
CEP m H. It is well known that for every n and i? > 0, one can find a subgroup Fn < F2 with 
the CEP such that the lengths of the shortest nontrivial element of the normal closure of Fn in 
F2 with respect to a fixed finite generating set of F2 is at least R (see, e.g., [T02j ) . Obviously 
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Fn also has CEP in H. Using transitivity of the CEP and (a) of Theorem 7.19 we conclude 
that Fn has CEP in G if ii is big enough. Let S = F^/N. Then S embeds in Q = G/ {{N)f . 

To make this embedding hyperbolic, we have to be a bit more careful. We will need 
two auxiliary results. The first one generalizes a well-known property of relatively hyperbolic 
groups. 

Lemma 8.8. Let {i^A}AeA (G, X) and let N be a finite normal subgroup of G. Then 
{HxN/N}xeA '-^h {G/N,X), where X is the natural image of X in G/N. 



Proof. Let 



and 



n=[_\iH,\{i}) 



AeA 



n=\J{H,\{i}), 

AeA 

where H\ = H\N/N < G/N. Since \N\ < oo, the map G — G/N obviously extends to a 
quasi-isometry T{G, XUV.)^ ^{G/N, XUV.). In particular, T{G/N, XUV.) is hyperbohc. 

Further let dA and d';^ be the distance functions on Hx and Hx defined using the Cayley 
graphs T{G,Xun) and T{G/N,XU'H), respectively. We have to show that (^A,d';^) is locally 
finite for every A G A. Fix A G A. If \Hx\ < oo, we are done, so assume that Hx is infinite. 



In this case < Hx by Theorem 6.14 Let us fix any section a: G/N — )• G. Note that 
(^{Hx) ^ Hx. Thus a naturally extends to a map from the set of words in the alphabet X WH 
to the set of words in the alphabet X UT-L. We denote this extension by a as well. 

Let p be a path in T{G/N,X U H.) connecting 1 to some x £ Hx- Define p to be the 
path in T{G,X U H) starting at 1 with label Lab(p) = cr(Lab(p)). Then {p~\-) = x for some 
X G HxN = Hx. It is straightforward to see that if p contains no edges of the subgraph 
r(^A, Hx \ {1}) of r(G/iV, X U n)^, then p contains no edges of the suhgvaphT{Hx, Hx \ {1}) 
of T{G,X UH.). Thus dx{l,x) < d'^{l,x). Therefore locall finiteness of {Hx,dx) implies local 

finiteness of (-^A; d'j^)- D 

The next lemma is an exercise on small cancellation theory over free products. 

Lemma 8.9. Let H be a non-abelian free group, T a subset of H , S a finitely generated group. 
Then S embeds into a quotient group K of H such that K is hyperbolic relative to S and the 
natural homomorphism H ^ K is injective on T . 



Proof. Since H is free and non-cyclic, we can decompose it as H = A* B, where A and B are 
nontrivial. Let {si, . . . , Sk} be a generating set of S. Let K = {A, B, S \ Xi = Wi, i = 1, . . . , /c), 
where Wi G A*B and x^^Wi satisfy the C"(l/6) condition over the free product A*B*S. Note 
that K is generated by the images of A and B and hence is a quotient of H. It is well-known 
that S embeds in K [88' Corollary 9.4, Ch. V] and it follows immediately from the Greendlinger 
Lemma for free products [88, Theorem 9.3, Ch. V] that the relative Dehn function of K with 
respect to S is linear. Hence K is hyperbolic relative to S. The Greendlinger Lemma also 
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implies tliat if the elements Wi are long enough with respect to the generating set AU B of H , 
then H ^ K is injective on J^. □ 



Let now G be a group with a non-degenerate hyperbolically embedded subgroup. Recall 



that K{G) denote the maximal normal finite subgroup of G (see Theorem 6.14). Indeed let H 



be a non-degenerate hyperbolically embedded subgroup of G. Then K{G) < H hy Theorem 
6.14 and hence the image of H in G/K{G) is also non-degenerate (i.e., proper and infinite). By 



Lemma 8.8 the image of H in G/K{G) is hyperbolically embedded in G/K{G). Thus passing 
to G/K[G) if necessary and using Lemma 



.8, we can assume that K{G) = {1}. 



Again by Theorem 6.14 there exists a hyperbolically embedded free subgroup H of rank 
2 in G. Let i? > be the constant provided by Theorem 7.191 ari d let J-' be the set of all 



nontrivial elements h £ H such that d(l,/i) < R. By Lemma 8.9, S embeds in a quotient 
group K of H such that K is hyperbolic relative to S and the natural homomorphism H ^ K 
is injective on T. Li particular, S K by Proposition 4.28 Let N = Kei{H — )• K), and 
let G\ = G/ {{N)). Since H ^ K is injective on J-", N satisfies the assumptions of Theorem 
7.19[ Hence K = H/N Gi. Since S K we have S Gi by Proposition |4.35[ This 
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completes the proof of the part (a) of Theorem 

The proof of (b) follows the standard line. By Theorem 6.14, there exists an infinite 
elementary subgroup E G. Let 5 G -E be an element of infinite order such that (g) < E. 
Then for sufficiently large n G N, we can apply Theorem |7.19| to the group G, the subgroup 
E G, and the normal subgroup {g"'). In particular, ((A^)) is free. 

Recall that a quasi-morphism of a group G is a map 99 : G — )• M such that 



sup \(p{gh) 

g,h£G 



via) - V{h)\ < 00. 



Trivial examples of quasi-morphisms are bounded maps and homomorphisms. Note that the 
set QH{G) of all quasi-morphisms has a structure of a linear vector space and i°°{G) and 
Hom{G,M.) are subspaces of QH{G). By definition, the space of non-trivial quasi-morphisms 
is the quotient space 

QH{G) = QH{G)/{l°^{G) Hom{G, R)). 



The third part of Theorem 8.6 follows easily from Corollary 6.12, Proposition 4.33, and |25| 
Theorem 1] . Indeed suppose that H is a non-degenerate subgroup of G such that H {G, X) 



for some X Q G. Consider the action of G on T{G,X U H). By Corollary 6.12 there exist 
two loxodromic elements g,h €z G such that {E{g), E(h)} G. By the characterization of 
elementary subgroups obtained in Lemma |6.5[ g and h are independent in the terminology of 
[25j . Furthermore, g ^ h in the notation of [25] by Proposition 4.33 (Recall that g 



h if 

and only if some positive powers of g and h are conjugate, see the remark after the definition 
of the equivalence on p. 72 of [25j.) Now Theorem 1.1 from |25j gives d\mQH{G) = 00. The 
fact that dim i/^(G,M) = 00 follows from the well-known observation that the space QH{G) 
can be naturally identified with the kernel of the canonical map H^{G,M.) — t- H'^{G,M.) of the 
second bounded cohomology space to the ordinary second cohomology. It is also well-known 
and straightforward to prove that for every boundedly generated group G, the space QH{G) 
is finite dimensional. 
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To prove (d) we need the following lemma, which is a simplification of [15, Corollary 1.7]. 

Lemma 8.10 (Baudisch, [15j). Let G be an infinite superstable group. Then there are sub- 
groups 1 = Hq <] Hi < ■ ■ ■ < Hn = G such that every section Hi+i/Hi is either abelian or 
simple. 

On the other hand, we have the following. 

Lemma 8.11. Let G be a group that contains a non- degenerate hyperbolically embedded sub- 
group. Then every infinite subnormal subgroup of G contains a non- degenerate hyperbolically 
embedded subgroup. 



Proof. Clearly it suffices to prove the theorem for normal subgroups; then the general case 
follows by induction. Let N <\G. 

By Theorem 6.14 there exists an infinite elementary subgroup E such that E {G,Y) 



for some Y <^ G. If H E'l = oo, then is finite by Proposition 4.33, which contradicts our 



assumption. Thus N \ E is non-empty. Let a €z N \ E and let g G E be an element of infinite 
order. 

Let d denote the metric on E defi ned u sing T{G,Y U E). Without loss of generality we 
can assume that a £ Y (see Corollary 4.27)). Take / G {g) such that d(l,/) > 50D, where 
D(1,0) is given by Proposition 



D 



4.14 



Let w = faf~ a. Clearly u) £ N. On the other 
hand, the word faf~^a in the alphabet Y U E, where / is interpreted as a letter from E, 
satisfies the conditions (Wi)-(W3) of Lemma 4.21 applied to G, Y, and the collection {E}. 



Hence w acts loxodromically on T{G,Y U E). Moreover, the WPD condition can be verified 



for vu exactly in the same way as in the third paragraph of the proof of Theorem 6.11 (with 
E in place of H\ and Y in place of X). Now Theorem 6.8 applied to the group acting on 
T{G,Y U E) yields an elementary subgroup Ei containing w such that Ei N. Similarly 
applying Theorem |6.8| to the action of G, we obtain a maximal elementary subgroup E2 of G 
containing w, which is hyperbolically embedded in G. Obviously Ei < E2. Thus if = £^1, 
we get a contradiction with Proposition 4.33, Hence N ^ Ei and we are done. 



□ 



We now observe that part (c) of Theorem 8.6 follows easily from Lemma 8.10 and Lemma 



8.11[ Indeed if G was superstable, it would contain either infinite finite-by-abelian or infinite 



finite- by-simple subnormal subgroup by Lemma [8.10 The first case contradicts Lemma 8.11 



and the first part of Theorem 8.6 as no finite-by-abelian can be S'Q-universal. In the second 
case we get a contradiction with the existence of free normal subgroups. □ 



8.3 Inner amenability and C*-algebras 

The main goal of this section is to characterize groups with non-degenerate hyperbolically 
embedded subgroups that are inner amenable or have simple reduced C* -algebra with unique 
trace. 

Theorem 8.12. Suppose that a group G contains a non- degenerate hyperbolically embedded 
subgroup. Then the following conditions are equivalent. 
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(a) G has no nontrivial finite normal subgroups. 

(h) G contains a proper infinite cyclic hyperholically embedded subgroup. 

(c) G is ICC. 

(d) The reduced C* -algebra of G is simple. 

(e) The reduced C* -algebra of G has a unique normalized trace. 

(f) G is not inner amenable. 



The rest of the section is devoted to the proof of Theorem 8.12 so we assume that G 
contains a non-degenerate hyperbohcally embedded subgroup. 

We will show first that (c) =J> (a) =^ (b) =^ (c). The implication (c) =^ (a) is obvious. 
Further by Theorem 6.14 applied in the case n = 1 we obtain (a) =^ (b). Let us show that 
(b) =^ (c). Let C = (c) G be an infinite cyclic subgroup and let (7 E G \ {1}. We want to 
show that the conjugacy class of 5 in G is infinite. If the set {g"^" | n G Z} is infinite, we are 
done. Otherwise (7"^™ = g for some m G N. Hence n C is infinite and g G C by Proposition 
Now if g^ = g^ for some f,h^ G, then g^^^ = g and we similarly obtain fh~^ G G, 
i.e., / and h belong to the same right coset of C. As every group containing a non-degenerate 
hyperbohcally embedded subgroup is non-elementary (say, by Theorem 6.14), the index of C 
in G is infinite. Hence the conjugacy class of 5 in C is infinite. Thus conditions (a)-(c) are 
equivalent. 

To relate (a)-(c) to properties of C*-algebras we need the following results. 

Lemma 8.13 Theorem 3]). If a group G contains a G* -simple normal subgroup N with 
trivial centralizer, then G is G* -simple. 

Suppose now that G satisfies (b). Let G = (c) G be an infinite cyclic subgroup. By 
there exists n G N such that the normal closure of c" in G is free. We denote 

Indeed 



Theorem 7.19 



this normal closure by F. Observe that F satisfies the assumptions of Lemma |8.13 
for every g G Gg{F) we have [5,0"] : 
let us take any a G G\G. Since (c" 



1. Again by Proposition 



more application of Proposition 4.33 
as C = Z. Thus we obtain (d) and (e) by Lemma [8.13 



1. Hence by Proposition 4.33, we have g G C. Further 
G F , we have [g, (c")°] = 1, which can be rewritten as 
.33 we obtain g'^ G C or, equivalently, g £ G"". One 
gives \g\ < \G Ci C"^| < 00, which is only possible if g = 1 
On the other hand it is well-known 



that discrete group with simple reduced C*-algebra (or with a non-unique trace) can not have 
a non-trivial finite (and even amenable) normal subgroup (see, e.g., |20j ) . Thus either of (d), 
(e) is equivalent to to (a)-(c). 

Finally let us prove that (f) is equivalent to the other conditions. The implication (f) =^ (c) 
is obvious since every group G with a finite nontrivial conjugacy class g'^ admits the natural 
conjugation invariant finitely additive measure on G \ {1} such that fi{G \ {1}) = 1. Namely, 
given A C G \ {1}, we let fi{A) = |^ n [5] | / 1 [5] | , where [g] is the conjugacy class of g in G. 

To complete the proof of the theorem, we will prove the implication (a) =^ (f). The proof 
is more technical an uses a variant of Tarski paradoxical decomposition. 
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Figure 28: 



By Lemma |6.18| there exist infinite cyclic subgroups Hi , . . . , H/^ < G such that 
{Hi, . . . , H4} M-zi {G, X) for some X C G. Note that by Proposition 4.33, we have 



H n H, 



(80) 



for every i ^ j, i,j £ {1,2,3,4}. 
We define H in the usual way by 



'H = l]{HA{l}). 



i=l 



Denote by A the set of all elements g G G \ {1} satisfying the following property: there exists 
a geodesic 7 going from 1 to 5 in T{G, XWH) such that the first edge of 7 is an ffj-component 
for i G {1,2}. Further let B = G\{AU {1}). Let D = D{1,0) be the constant provided by 



Proposition 4.14 Since for every i S {1, . . . ,4}, Hi is infinite and hyperbolically embedded, 

d^{l,hi)>6D. (81) 



there exists hi E H such that 



Let 



Ai = A''\ A2 = A^\ Bi=B^\ B2 = B' 
We are going to show that the sets Ai, A2, Bi, B2 are pairwise disjoint. 
Lemma 8.14. n ^2 = 0- 



Proof. Suppose that there is g G Air\ A2. Then g^s g A and g A. Thus there exist 
be geodesic words Ui, U2 va. X WH representing g'^'i and g^* , respectively, such that the 
first letters of Ui and U2 belong to Hi U H2- (Recall that a word is geodesic if it has shortest 
length among words representing the same element or, alternatively, every path in T{G,X\JT-L) 
labelled by this word is geodesic.) Let pi, p2 be paths in T{G, X U H) starting at 1 and having 
labels Lab(pi) = /ij C/1/13 and Lab(p2) = ^^2^14, respectively. Clearly (pi)+ = (^2)+ = g- 

Since the first letter in Ui belongs to HiU H2, the first edge a of pi labelled by /13 ^ is 
an i/3-component of the cycle q = PiP2^ ■ Note that q consists of 6 geodesic segments and 
hence by (81) and Proposition 4.14 a can non be isolated in q. Observer first that a can not 
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be connected to an //3-component of pi. Indeed this would mean that Ui = WU, where U 
may be trivial while W is nontrivial and represents a (nontrivial) element of H3. Since every 
(nontrivial) element of can be represented by a single letter from \{1} and Ui is geodesic, 
we conclude that W consists of a single letter. By the choice of Ui this letter is from Hi \ {1} 
or H2 \ {!}• Hence one of the intersections n Hi or n H2 is nontrivial, which contradicts 



(80) 



Thus a is connected to an i?3-component b of p2- Let e be a path in T{G, X U H.) of length 
at most 1 labelled by an element of H3 and going from 1 = a_ to . Repeating the arguments 
from the previous paragraph, we obtain that the first edge c of p2 is an if4-component of q, 
which is isolated in p2. In particular, c is isolated in the cycle ce[h^ , b-]~^, where [h^ , 6_] is 
the segment of p2 from h^^ to 6_. Note that ce[/ij^, fe-]^^ is composed of at most 3 geodesies. 
Hence di{l,h^^) < 3D by Proposition 4.14, which contradicts (81). □ 



Lemma 8.15. Ai r\Bj = % for any i,j G {1,2}. 

Proof. We assume that i = j = 1. The proof for other pairs i,j is identical. Suppose that 
there exists g ^ AiCiBi. Then g^3 G A and g^^ G B. Let Ui, U2 be geodesic words in XUH. 
representing g^3 and g^^ , respectively, such that the first letter of Ui belongs to Hi U H2 
while the first letter of U2 does not belong to Hi U i/2- Let pi, p2 be paths in T{G, X WH) 
starting at 1 and having labels Lab(pi) = h^^Uih^ and Lab(p2) = h^^U2hi, respectively. 
Clearly = (^2)+ = 5- 



we 



Let a and c be the first edges of pi and p2 respectively. As in the proof of Lemma 8.14 
prove that a is an //3-component of q = piP2^ , which is isolated in pi. Hence, as above, we 
conclude that a is connected to an i/3-component b of p2- Let e be a path in T{G, X U H) of 
length at most 1 labelled by an element of H3 and going from 1 = a„ to 6_. 

Since the first letter of U2 does not belong to Hi, c is an //i -component of p2- Since U2 is 
geodesic, c can not be connected to an i/i-component of the segment [h^^ , b-] ofpi. Hence c is 



isolated in the cycle ce[h^ ^ , 6_] ^, and we obtain di(l, which contradicts (81 ) again. □ 
Lemma 8.16. BinB2 = 0. 

Proof. Suppose that g G BiD B2. Then g^i G B and g''"^ G B. Again let Ui, U2 be geodesic 
words in X WH representing g^^ and g^2 ^ respectively, such that the first letters of Ui and 
U2 do not belong to H1UH2. Let pi, p2 be paths in T{G, X UH.) going from 1 to 5 and having 
labels Lab(pi) = h^^Uihi and Lab(p2) = /12 ^^2^2) respectively. 

Let a and c be the first edges of pi and p2 , respectively. Again it is easy to see that a and 
c are components of q = piP2^- Suppose a is connected to another ffi-component d of pi. 
As Ui is geodesic, d must be the last edge of p2- Hence Ui represents an element of Hi, i.e., 
g^i g fj^ However this means that g^^ G ^ by the definition of A. A contradiction. Thus 
a is isolated in pi. Similarly, c is isolated in p2. The rest of the proof is identical to that of 
Lemmas [8T4l and [8?T5l □ 



Now we are ready to complete the proof of Theorem 8.12, Assuming (a), suppose also that 



the group G is inner amenable. That is, there exists a finitely additive conjugation invariant 
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measure defined on all subsets of G \ {1} such that fi{G \ {!}) = 1. Since Au B = G\{1}, 
fi{A) + fJ.{B) = 1. On the other hand, by Lemmas 8.14 - [8.16 we have 



l = KG\ {1}) > ^(^i) + fi{A2) + + fi{B2) = 2fi{A) + 2fi{B) = 2. 

A contradiction. Hence G is not inner amenable. This completes the proof of the theorem. 

9 Some open problems 

In this section we discuss some natural open problems about hyperbolically embedded sub- 
groups and rotating families. 

We start with problems which ask whether the "hyperbolic properties" of groups considered 
in this paper are geometric. Recall that if a finitely generated group Gi is hyperbolic relative 
to a collection of proper subgroups, then so is any finitely generated group G2 quasi-isometric 
to Gi. In the full generality this fact was proved by Drutu in [50j (see also |;53j for a particular 
case) . For a survey of some other classical and more recent quasi-isometric rigidity results we 
refer to ^T\. 

Problem 9.1. Is the existence of non-degenerate hyperbolically embedded subgroups a quasi- 
isometry invariant? That is, suppose that a finitely generated group Gi contains a non- 
degenerate hyperbolically embedded subgroup Hi and G2 is a finitely generated group quasi- 
isometric to Gi. 

(a) Does G2 contain any non- degenerate hyperbolically embedded subgroup? 

(b) Does G2 contain a hyperbolically embedded subgroup H2 which is within a finite Hausdorff 
distance from the image of H2 under the quasi- is ometry between Gi and G2 ? 

Similar questions make sense for rotating families. There are several ways to make these 
questions precise. We suggest just one of them. Since groups with a-rotating subgroups 
for a >> 1 contain non-abelian subgroups, they are non-amenable. Recall that two finitely 
generated non-amenable groups Gi, G2 are quasi-isometric if and only if they are bi-Lipschitz 
equivalent, i.e., there exists a map /: Gi — )■ G2 such that 

^d{g,h) <d{f{g), f{h)) <Cd{g,h) 

for some fixed constant G > 0. We call a map /: Gi — )• G2 satisfying the above property 
G -bi-Lipschitz. 

Problem 9.2. Let Gi be a finitely generated group that contains an a-rotating subgroup for 
some sufficiently large a and let G2 be another finitely generated group. Suppose there exists 
a G -bi-Lipschitz map Gi — t- G2 for some G > 0. Is it true that G2 contains an a' -rotating 
subgroup, where a' = a'{C,a) only depends on a and G and satisfies lim a'(G, a) = 00 for 

a— ^-oo 

every fixed G > ? 
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Recall that a finitely generated group is constricted if every its asymptotic cone has cut 
points. Examples of constricted groups include relatively hyperbolic groups [53j , all but finitely 
many mapping class groups [T7], Out{Fn) for n > 2 and many "exotic" groups such as 
Tarski Monsters [103] . Constricted groups share many common properties with groups con- 
taining non-degenerate hyperbolically embedded subgroups. For instance, constricted groups 
do not satisfy any nontrivial law |53) . Existence of cut points in asymptotic cones of a group G 
is an important tool in studying outer automorphisms of G and proving "non-embeddability" 
theorems (see [iHl UHl [52] for examples) . 

A geodesic I in a Cayley graph r(G, X) of a group G generated by a finite set X is called 
Morse if for every (A, c) there exists B such that every (A, c)-quasi-geodesic in r(G, X) with 
endpoints on / is contained in the closed i?-neighborhood of /. It is not hard to show that 
existence of a Morse geodesies in r(G, X) implies that G is constricted. 

Problem 9.3. (a) Is every group with a non- degenerate hyperbolically embedded subgroup 
constricted? 

(b) Does every group G with a non- degenerate hyperbolically embedded subgroup contain a 
Morse quasi-geodesic? 

More precisely, let E be an infinite elementary subgroup such that E G, which always 



exists by Corollary 6.12 Let g ^ E he an element of infinite order. 



Problem 9.4. Is it true that any bi-infinite g-invariant line in any Cayley graph of G (with 
respect to a finite generating set) is a Morse quasi-geodesic? 

The next problem is closely related to the old conjecture by P. Neumann saying that all 
1-relator groups other than the Baumslag-Solitar groups BS{m, n) defined below are SQ- 
universal fll9j . 

Problem 9.5. Let G be a 1-relator group. If G = BS{m,n) = {a,b \ {a^)^ = a" for some 
m,n ^ 'L \ {0} or G = (a, 6 | = 6"), then it is easy to see that G does not have any hyper- 
bolically embedded subgroup. Is it true that any other 1-relator group contains a hyperbolically 
embedded subgroup? 



It follows from Theorem 6.8 that every group which admits a non-elementary acylindrical 
action on a hyperbolic metric space contains a non-degenerate hyperbolically embedded sub- 
group. Note that if a subgroup H is a hyperbolically embedded in a group G with respect 
to a subset X C G, then (unlike in the case when G is hyperbolic relative to H) the action 
of G on r(G, X U %) is not necessary acylindrical. Here is the easiest counterexample. Let 
G = {K X Z) * H, where K is an infinite group. Let X = K L) {x}, where x is a generator 
of Z. It is easy to verify that H {G,X). However the action of G on T{G,X U T-L) is not 
acylindrical, as any element of K moves any vertex of the infinite geodesic ray in T{G, X U T-L) 
starting from 1 and labelled by the infinite power of x by a distance at most 1 . 

However it seems plausible to modify r(G, X WH) so that the action becomes acylindrical. 
For instance, in the above example the action of G on T(G,Y U H), where Y = K U Z is 
acylindrical. Thus we propose the following. 



130 



Conjecture 9.6. A group G contains a non- degenerate hyperbolically embedded subgroup if 
and only if it admits a non- elementary acylindrical action on a hyperbolic space. 

If the conjecture holds, we obtain an alternative definition of the claas of groups with 
hyperbohcally embedded subgroups, which does not use subgroups at all. The conjecture 
would also yield an alternative proof of the following result obtained in [79] : Every group G 
with a non-degenerate hyperbolically embedded subgroup is in the Monod-Shalom class Creg- 
Indeed every group admitting a non-elementary acylindrical action on a hyperbolic space is in 
Creg by a result of Hamelshtadt [68]. 
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